Chaos

ARTICLE pubs.aip.org/aip/cha

How more data can hurt: Instability and
regularization in next-generation reservoir

computing

Cite as: Chaos 35, 073102 (2025); doi: 10.1063/5.0262977

Submitted: 3 February 2025 - Accepted: 2 June 2025 -
Published Online: 1 July 2025

® th ®

View Online Export Citation CrossMark

Yuanzhao Zhang,'-®

Edmilson Roque dos Santos,”*”’

Huixin Zhang,**>° {2 and Sean P. Cornelius*

AFFILIATIONS

ISanta Fe Institute, 1399 Hyde Park Road, Santa Fe, New Mexico 87501, USA

?Department of Electrical and Computer Engineering, Clarkson University, Potsdam, New York 13699, USA
5Clarkson Center for Complex Systems Science, Clarkson University, Potsdam, New York 13699, USA
“Department of Physics, Toronto Metropolitan University, Toronto, Ontario M5B 2K3, Canada
SDepartment of Automation, Shanghai University, Shanghai 200444, China

Note: This paper is part of the Special Topic on Nonlinear Dynamics of Reservoir Computing: Theory, Application and Realization.
@ Author to whom correspondence should be addressed: yzhang@santafe edu

Electronic mail: cdmilson roque usp@gmail.com
¢JElectronic mail: huixinzhang@shu.edu.cn
9Electronic mail: cornelius@torontomu.ca

ABSTRACT

It has been found recently that more data can, counter-intuitively, hurt the performance of deep neural networks. Here, we show that a more
extreme version of the phenomenon occurs in data-driven models of dynamical systems. To elucidate the underlying mechanism, we focus
on next-generation reservoir computing (NGRC)—a popular framework for learning dynamics from data. We find that, despite learning a
better representation of the flow map with more training data, NGRC can adopt an ill-conditioned “integrator” and lose stability. We link
this data-induced instability to the auxiliary dimensions created by the delayed states in NGRC. Based on these findings, we propose simple
strategies to mitigate the instability, either by increasing regularization strength in tandem with data size, or by carefully introducing noise
during training. Our results highlight the importance of proper regularization in data-driven modeling of dynamical systems.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0262977

It is not well understood how the amount and quality of data
might affect the stability of machine-learning models in the con-
text of learning unknown dynamics. This is different from the
typical tasks considered by the machine-learning community
such as regression or classification. Indeed, for forecasting tasks,
the model often needs to be run in an auto-regressive fashion,
which introduces the problem of stability (i.e., the prediction can
be accurate in the short term but then fails catastrophically as
errors accumulate over time). Here, we show that, surprisingly,
more data (or higher quality data) can often hurt the perfor-
mance of machine-learning models by inducing instability in
their autonomous prediction mode. We perform detailed anal-
yses of this phenomenon using next-generation reservoir com-
puting (NGRC)—a popular framework introduced recently for
data-driven modeling of dynamical systems. Using techniques

from dynamical systems and numerical analysis, we pinpoint
the mechanism behind data-induced instability to the auxiliary
dimensions created by the delayed states in NGRC. Based on this
finding, we propose two simple strategies to mitigate the instabil-
ity. One is to increase the regularization strength in tandem with
the amount of data, while the other is to intentionally decrease
the quality of the data by a careful introduction of noise. This
approach has the advantage that a fixed noise level can work for
any amount of data.

. INTRODUCTION

Machine learning of dynamical systems (MLDS) has received
increasing attention in recent years due to both its theoretical
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interest'~* and potential for wide-ranging applications from cre-

ating digital twins® to modeling climate® and controlling biologi-
cal systems.” Specifically, recent advances in MLDS have opened
new possibilities in inferring effective brain connections,” pre-
dicting tipping points,” discovering pattern-forming dynamics,"
reconstructing chaotic attractors,'’ and anticipating synchroniza-
tion transitions.'”

MLDS frameworks span the full spectrum from domain-
agnostic deep-learning models to physics-informed models empha-
sizing interpretability and generalizability.”” Domain-agnostic mod-
els are usually based on artificial neural networks or other “universal
approximator” functions. Popular examples include neural ordinary
differential equations (ODEs),"* neural operators,”” and reservoir
computing.' In contrast, physics-based models adopt strong induc-
tive biases, potentially yielding greater accuracy at the expense of
expressivity. Some common paradigms in this space include sym-
bolic regression'” and Sparse Identification of Nonlinear Dynamics
(SINDy)."® Finally, there are also hybrid models'’~*' that try to find
the optimal balance between model scale and domain knowledge.

It is natural to believe that—as in other machine-learning
tasks—more data are generally better in MLDS. (A notable excep-
tion is the double-descent phenomenon,*>”* which we discuss more
in Sec. I11.) Indeed, one major challenge faced by the MLDS meth-
ods in many applications is the paucity of high-quality data (for
example, due to noisy, sparse, and/or partial measurements). Here,
we show that, sometimes, too much high-quality data can also
be a problem if one is not careful. Specifically, we demonstrate
that adding more (noise-free) data can hurt the performance of
machine-learning models without commensurate regularization.
This counter-intuitive phenomenon stems from the potential long-
term instability one must contend within forecasting tasks. In con-
trast to more “static” tasks such as image classification, simply
fitting the model to a high-dimensional surface or distribution can
be insufficient for data-driven models of dynamical systems—we
also need to ensure the long-term stability of the model when run
autonomously.

We demonstrate the main phenomenon using next-generation
reservoir computing (NGRC),”"* which draws inspiration from the
reservoir computing paradigm’®*” but is more closely related to sta-
tistical forecasting methods such as nonlinear vector-autoregression
(NVAR).”*” NGRC has been shown to perform well in many chal-
lenging forecasting and control tasks,’’~* especially if appropriate
nonlinear features are available.” The relatively simple structure
of NGRC models allows us to systematically probe the mechanism
behind data-induced instability.

Il. RESULTS
A. Next-generation reservoir computing

Consider a dynamical system whose n-dimensional state x
obeys a set of n autonomous differential equations of the form

x = f(x). (1)

NGRC aims to learn a representation of f through a discrete map of
the form

X =%+ W-g, (2)
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where the index f runs over a set of discrete times separated by Af,
which represents the time resolution of the training data. W is the
n x m readout matrix of trainable weights and

. Xt—k+l) (3)

is an m-dimensional vector of (non)linear features, calculated from
the current state and k — 1 past states. Here, k > 1 is a hyperpa-
rameter that governs the amount of memory in the NGRC model.
The features generally include a constant (bias) term, nk linear terms
from the k states, plus a number of user-specified nonlinear features.

During training, given a time series {X;},_;,_,;,> We seek a W
that minimizes the least-square error between y; and W - g;, where
¥t = Xp41 — X This is typically achieved via Ridge regression with
Tikhonov regularization—a convex optimization problem with a
unique solution given by

g = 8g(XnXe1s- .

W =YG" (GG" +AI) . (4)

Here, Y (G) is a matrix whose columns are y, (g) and A > 0 is
the regularization coefficient. Note that training can be performed
simultaneously on Ny, > 1 trajectories. In this case, one simply
concatenates the regressors (g;) and regressands (y;) obtained from
each trajectory.

During the prediction phase, we are given an initial condition
xp and k — 1 previous states X_; to X;_x, with which we can iterate
Egs. (2) and (3) as an autonomous dynamical system (each out-
put becomes part of the model’s input at the next time step). All
simulations in this study are performed in Julia, using a custom
implementation of NGRC.

B. Data-induced instability

We first demonstrate the main phenomenon by apply-
ing NGRC to a representative nonlinear system—the magnetic
pendulum.” The system consists of a ferromagnetic bob suspended
above the origin of the (x, y) plane. There, three identical point mag-
nets are placed at the vertices of an equilateral triangle with unit side
length (Fig. 1). The pendulum bob moves under the influence of
magnetic forces as well as gravity and frictional damping, resulting
in the following equations of motion:

3 ~
.. . X — Xi
x:—wéx—ax—z - ,  (5)

T (-5 -0+ )’

3 ~
.. . Y~ )i
j=—wy—ap—)

= ((x —&5)+(-5)+ hz)% |

Here, (x;,y;) are the coordinates of the ith magnet, wj is the pen-
dulum’s natural frequency, a is the damping coefficient, and h is
the bob’s height above the plane. We focus on parameter values
for which the system is multistable, with a total of three fixed-point
attractors (one for each magnet).

To learn the dynamics of the magnetic pendulum, we train
NGRC on varying numbers of trajectories (Ni,j) obtained from the
initial conditions with the bob at rest in different positions (xo, yo)-
We then ask the trained model to reconstruct the basins of attraction

(6)
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FIG. 1. Magnetic pendulum with three fixed-point attractors and the corre-
sponding basins of attraction. (Left) Schematic of a magnetic pendulum system

with three magnets. We take the coordinates of the magnets to be (%O)

(ﬁé ’71) and (2’713 %) in dimensionless units. The (x, y) coordinates of the

pendulum bob and the corresponding velocities (x, y) fully specify the system’s
state. (Right) Simulated basins of attraction for the region of initial conditions under
study, namely, the states of zero initial velocity with —1.5 < xo, o < 1.5.

on the (xp, o) plane, again with X, = y, = 0, that is, to accurately
predict the final attractor for a wide range of different initial condi-
tions. This is a challenging task that is crucial in many applications
of multistable dynamical systems.”* We equip NGRC with x- and
y-components of the magnetic force terms as its nonlinear features.
In this case, NGRC is capable of learning the dynamics well enough
to accurately reconstruct the basins.”* Later, we will show that our
results also hold for more generic nonlinearities, such as radial basis
functions (RBFs).

Figure 2 shows our first main result. We see that as more train-
ing trajectories are included, NGRC models capture the intricate
basins better and better, as expected. However, at some point, the
trained model becomes unstable—all forecasted trajectories diverge
to infinity instead of converging to one of the three fixed-point
attractors. At any fixed regularization strength (1), this instabil-
ity transition is attributable solely to the amount of training data.
Indeed, once the number of training trajectories crosses a thresh-
old, the NGRC model—perfectly stable when trained with less
data—blows up. This sudden breakdown occurs for a wide range of
regularization coefficients A, with more data needed to induce insta-
bility for more aggressive regularization. This is surprising in light
of the usual expectation that in machine learning, more data usu-
ally translate into better performance with less overfitting, especially
when the data are independent and noise-free, as here. Interestingly,
the same phenomenon afflicts forecasting chaos in the Lorenz sys-
tem, where larger regularization is needed to ensure model stability
as Ny, increases (supplementary material, Fig. S1).

So what is causing this data-induced instability? We will offer
two complementary explanations in the sections that follow. How-
ever, first, we demonstrate what is not the cause, which happens to
be most people’s first guess.

C. It is not the flow map!

From Eq. (2), we see that NGRC learns the dynamics from data
by constructing a map from x; to X;;. In dynamical systems theory,
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FIG. 2. More (noise-free) data can induce instability in NGRC. As we increase
the number of trajectories Ni; used to train NGRC (with pendulum force terms as
nonlinear features), the model can undergo a sudden transition from accurately
capturing the three fractal-like basins to losing stability and sending all trajectories
to infinity. This happens for a wide range of regularization coefficients A, although
larger A can delay the onset of instability. We measure the performance of a
trained NGRC model using the error rate p, which is the percentage of initial condi-
tions for which the model predicts the wrong attractor. Each data point is obtained
by averaging p over ten independent trials. The ground-truth basins and repre-
sentative NGRC predictions are shown as insets. Black denotes trajectories that
diverged to infinity. Here, the pendulum parameters are setto wy = 0.5,a = 0.2,
and h = 0.2, and the NGRC hyperparameters used are k = 2, At = 0.01, and
Niain = 3000.

a flow map predicts the state of the system Af time units later based
on the current state. For example, the magnetic pendulum system
induces a flow map ®,, from R* to R,

CDAt(xt)yb kt)j}t) = (xt+At>)/t+An xt+At>j’t+At)- (7)
Equivalently, we can encode the information in the flow surface,
Gar(x) = Par(X) — X = (Axp, Ayy, Axy, Ayy). (8)

Once an accurate flow surface has been constructed, NGRC can, in
principle, make reliable forecasts from any initial conditions (at least
in parts of the state space where there were enough training data).
In this sense, the goal of NGRC is not dissimilar to many other
machine-learning frameworks—find an accurate fit of the target
high-dimensional manifold and use it to make predictions.

Of course, in practice, we only have a finite amount of data, and
like many other machine-learning tasks, one needs to worry about
overfitting. Could it be that as NGRC tries to fit more and more data
points on the flow surface, it generates a pathological surface that
contorts itself to fit the training data, diverging from the true flow
surface in the gaps between?

Figure 3 shows that this hypothesis, however natural, fails to
explain the data-induced instability. There, we characterize the mis-
match between the model-predicted and true flow surfaces on a 2D
sub-manifold (x, y,0,0) — Ax via the fitting error (e) between the
real/ NGRC flow maps for the x-velocity, namely,

e = ”Ax(real) _ A)'C(NGRC)“. (9)
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FIG. 3. NGRC does not overfit the flow surface. Using the same setup as in
Fig. 2, we plot the fitting error [e, Eq. (9)] against the number of training trajectories
Ni. The fitting error monotonically decreases for all values of the regularization
coefficient A considered, giving no indication of any over-fitting that might lead to
instability.

We observe no signs of overfitting. In fact, as more and more train-
ing trajectories are included, e keeps decreasing for all values of
regularization coefficient A considered. We emphasize that e is eval-
uated on a uniform and dense grid independent of the training data
points. These results remain qualitatively the same if we examine the
fitting error over other 2D sub-manifolds of the flow surface, such
as (0,0,x,5) — Ay.

Figure 4 further rules out overfitting as the cause of data-
induced instability. This time, we replace the pendulum force terms
with 1000 radial basis functions (RBF)*’ of the same form consid-
ered in Ref. 34, so as to demonstrate that the same instability occurs
for NGRC models with generic nonlinearities. We see that NGRC
is stable when trained with 100 trajectories and predicts the basins
well, despite noticeable deviations in its fit to the flow surface. When
trained with 1000 trajectories, NGRC reconstructs a much better
flow surface. However, its predictions now diverge to infinity for all
initial conditions tested. If it is not the flow map, then what is the
cause of this instability?

D. Integrator perspective

In this subsection, inspired by the original paper,”* we view
NGRC models as integrators, and we show that NGRC instability
can be understood by using the techniques from numerical analysis.
For the purpose of demonstration, it is easiest to consider NGRC
models with pendulum force terms as nonlinear features. In this
case, all terms in the original ODE [Egs. (5) and (6)] are available
in NGRC'’s feature library. This allows direct comparison of NGRC
models with traditional integration schemes.

The integrators that most resemble the NGRC architecture are
the linear multistep methods, defined by

s s
Z anH_j = At Z be (ti+j’ X;‘+j) 5 (10)
Jj=0 j=0
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which uses the states and derivatives from s previous steps to
predict x;;; and integrate the equation x = f(t,x) forward. (For
implicit methods, such as Adams-Moulton, b, # 0 and the integra-
tor also uses information about the derivative at the future step.)
Because the NGRC models make updates using only the current
and past states [cf. Eq. (2)], it is most analogous to the popular
Adams-Bashforth methods, which are explicit methods with a,_;
=—1l,a,,="---=ay=0,and b; = 0. The other b; (0 < j < s) are
chosen such that the method has order s [i.e., the local truncation
error of the integrator is of order O(A#*!)], which determines b;
uniquely. We stress, however, that an NGRC model with exact non-
linearities is not necessarily a special case of Adams-Bashforth or
similar methods. This is because it works directly with different
scalar features (instead of the vector field f as a whole). Accordingly,
NGRC models can assign different weights to individual terms in its
features library, unconstrained by the right-hand side of the ODEs.

For k = 2, the natural integrator to compare the NGRC models
with is the two-step Adams-Bashforth method,

3 1
Xiyy = Xip1 + Af <Ef(ti+1>xi+l) - Ef(tixxi)> . (11)

Do NGRC models approximately rediscover the two-step Adams-
Bashforth method on their own? In Table I, we compare the read-
out matrix of NGRC models with the two-step Adams-Bashforth
method. For this purpose, it is helpful to rewrite Egs. (5) and (6) as
first-order ODEs,

X = Vs (12)

V=" (13)
3

Ve = —a)(z)x —av, + Z Fi. (14)
i=1
3

v, = —w(z)y —av, + Z Fiy, (15)

i=1

where we use F;. as the x— and y— components of the force from the
ith magnet. From Egs. (12) to (15), we can easily infer what two-step
Adams-Bashforth thinks each entry in the readout matrix should be,
which are summarized in the top table (for wy = 0.5 and a = 0.2).
Now looking at the trained NGRC models, we see they are quite dif-
ferent from the two-step Adams-Bashforth method. For example,
an inspection of the weights for Ny,; = 10 reveals that instead of
splitting the coefficients between the current state and the delayed
state 3 to —1 (optimal, as in Adams-Bashforth), NGRC splits the
coefficients equally for many of the linear terms (compare the terms
highlighted in orange). The weights do capture the 2 to —1 split for
the nonlinear terms. However, the model is often confused about
which way the split should go, routinely assigning the —J factor
to the current state instead of the delayed state (compare the terms
highlighted in green).

The most striking departure from Adams-Bashforth, however,
lies in the coefficients for v, and v, in relation to Egs. (14) and (15),
which are highlighted in red and blue, respectively. There, instead of
the optimal factor pairs {%, —%}, the NGRC models assign factors
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FIG. 4. Instability in NGRC cannot be explained by errors in fitting the flow surface. Here, we demonstrate this point using the magnetic pendulum system and NGRC with
1000 radial basis functions (RBF) as nonlinear features. Each RBF has a center chosen randomly and uniformly from (xo, o) € [—1.5, 1.5]2. When trained with Nisj = 100
trajectories, NGRC achieves a passable (but far from perfect) fit of the flow surface and does a good job in capturing the basins (error rate p ~ 0.2). When we increased

Nij to 1000, the model learned a near-perfect flow map, but it became unstable and all

predictions blew up. The pendulum parameters are set to wy = 0.5, a = 0.2, and

h = 0.4, and the NGRC parameters used are k = 2, > = 1075, At = 0.01, and Nz, = 5000.

far away from zero to both the current state and the delayed state.
These factors are similar in magnitude but opposite in signs and,
when combined together, roughly recover the corresponding coeffi-
cient on the right-hand side of the ODE (i.e., the sum of the factors
is close to 1). These magnitudes grow rapidly with Ny, eventually
making the NGRC model unstable for Ny.,; = 1000.

At this point, one might say, wait a moment, is not a flow map
all you need to advance a dynamical system in time? Where does the
integrator come in? If NGRC has a perfect fit of the flow surface, how
can it still be unstable? In Sec. I1 E, we address these questions by
identifying a source of data-induced instability: the ill-conditioning
of matrix GT in Eq. (4). Each row of G” represents the evaluation of
the various candidate features using a set of k consecutive states from
a training trajectory. For small At, when the same features are evalu-
ated at successive time points, the corresponding column vectors in
G are nearly linearly dependent, leading to a nearly rank-deficient
GT. This ill-conditioning explains the uncontrolled growth of the
NGRC weights with Ni,; observed in Table I.

E. lll-conditioned GT is a source of data-induced
instability

To better understand the source of the ill-conditioning of
G, we use k=2 as an example and, hence, split G into two
submatrices,

GT = [A,B], (16)

where A is the NiinNy,j x [ matrix with feature terms evaluated
at the current time, and B is the Ni,inNyj X m matrix collecting
all remaining terms, which include the bias term and the features
evaluated at delayed states, as illustrated in the left panel of Fig. 5.
For the magnetic pendulum, the original equations of motion com-
prise ] = 10 features in A, while B includes the constant feature and
delayed counterparts resulting in m = 11. As shown in the middle
panel in Fig. 5, the ill-conditioning of G cannot be attributed to
either submatrix A or B individually. We compute the condition
numbers «(G7), k(A), and «(B) from one trajectory, and the his-
togram represents the distribution of these condition numbers over
different trajectories. Matrix G” is ill-conditioned when compared
to its submatrices, with k (GT) typically around O(10'7).

What happens when more data are added? Adding different
trajectories into matrix G expands the space spanned by its column
vectors. For example, due to the high sensitivity of the magnetic pen-
dulum to the initial conditions, those trajectories sampled uniformly
during training are likely to be distinct. While enlarging GT would
theoretically improve its conditioning, this is not observed numeri-
cally. Notably, the ill-conditioning persists as more training data are
added. The right panel in Fig. 5 shows that the linear dependence
between the column space of B, R(B), and A, R(A), quantified by
principal angles between subspaces (PABS),"" remains even with a
hundredfold increase of the number of trajectories. A cluster of prin-
cipal angles qua € [0, %] fori =1,...,min{l, m} near zero indicates
that at least one direction in R(A) aligns with R(B), regardless of

Chaos 35, 073102 (2025); doi: 10.1063/5.0262977
Published under an exclusive license by AIP Publishing

35,073102-5


https://pubs.aip.org/aip/cha

Buiysiignd dIv Aq asusol| aaisnjoxe ue Japun payslignd

1162920°6/£901°0}, :10p (GZ02) Z01€L0 'SE SORYD

9-201€.0 ‘€

TABLE I. NGRC learns an increasingly unstable integrator as more data are included in the training. Here, we compare NGRC models with the closest numerical integrator—two-step Adams-Bashforth from
the linear multistep methods family. We use the same setup to train the NGRC models as in Fig. 2, with A = 0.01 and Ny; ranging from 10 to 1000. The NGRC models are stable for Ny;; = 10 and 100 (error
rate p=0.23 and 0.18, respectively), but it becomes unstable for Ny;; = 1000 (p = 1). To save space, we denote the delayed states with a hat (e.g., X) and the x- and y-components of the nonlinear terms with
F;.. The key observation is that, as Ny is increased, we have an increasingly severe imbalance between the weights assigned to the current states and the delayed states. For the two-step Adams-Bashforth
method, the current state is assigned a weight that is % times the corresponding coefficient on the right-hand side of the ODE, whereas the delayed state has a factor of — % This assignment is optimal in the
sense that the factors { % — %} are the only pair that makes the method an order-two integrator [i.e., its local truncation error is O (Af)]. In contrast, the learned weights are significantly larger and become
increasingly unbalanced as more training data are used. For example, see the pairs highlighted in red and blue for the models trained with different Ny,;. The factors are almost equal numbers with opposite
signs and, despite being orders of magnitude larger, their sum largely cancels each other and roughly match the corresponding coefficient on the right-hand side of the ODE. This imbalance is directly reflected
in the increasingly large condition number « of the NGRC readout matrix and is what eventually leads to the data-induced instability.

x y Vx V}’ 5\6 5/ f/x i\/y Fl,x Fl,y F2,x FZ,y F3,x FS,y Fl,ﬁc Fl,j/ FZ,& Fz,} F3,5c F3,j/
Two-step Adams-Bashforth
Ax/At  0.00 0.00 1.50 0.00 0.00 0.00 —0.50 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
Ay/At  0.00 0.00 0.00 1.50 0.00 0.00 0.00 —0.50 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
Av, /At —0.375 0.00 —0.30 0.00 0.125 0.00 0.10 0.00 1.50 0.00 1.50 0.00 1.50 0.00 —0.50 0.00 —0.50 0.00 —0.50 0.00
Av,/At 0.00 —0.375 0.00 —-0.30 0.00 0.125 0.00 0.10 0.00 150 0.00 1.50 0.00 1.50 0.00 —-0.50 0.00 —0.50 0.00 —0.50
Nij =10,k =5, p=0.23
Ax/At  0.00 0.00 0.50 0.00 0.00 0.00 0.50 0.00  0.00 0.00 0.01 0.00 0.00 0.00 0.01 0.00 0.00 0.00 0.01 0.00
Ay/At  0.00 0.00 0.00 0.50 0.00 0.00 0.00 0.50 0.00 0.00 0.00 0.01 0.00 0.00 0.00 0.01 0.00 0.00 0.00 0.01
Av, /At —0.13 0.00 1.06 -0.12 —0.13 0.00 —1.26 0.12  —0.49 0.00 1.50 0.00 —0.49 0.00 1.50 0.00 —0.49 0.00 1.50 0.00
Avy/At 0.00 —-0.13 —0.11 130 0.00 —0.13 0.11 —1.50 0.00 —0.49 0.00 1.50 0.00 —0.49 0.00 150 0.00 —0.49 0.00 1.50
Nirj =100, k =27, p=0.18
Ax/At  0.00 0.00 0.53 0.00 0.00 0.00 0.47 0.00 0.00 0.00 0.01 0.00 0.00 0.00 0.01 0.00 0.00 0.00 0.01 0.00
Ay/At  0.00 0.00 0.00 053 0.00 0.00 0.00 0.47 0.00 0.00 0.00 0.01 0.00 0.00 0.00 0.01 0.00 0.00 0.00 0.01
Av, /At —0.14 0.00 13.77 —0.39 —0.14 0.00 —14.00 039 —0.43 0.00 1.56 0.00 —0.43 0.00 1.56 0.00 —0.43 0.00 1.56 0.00
Av, /At 0.00 —0.14 —0.40 1393 0.00 —0.15 040 —14.16 0.00 —0.43 0.00 1.56 0.00 —-0.43 0.00 156 0.00 —0.43 0.00 1.56
Niggj = 1000, ke =215, p=1
Ax/At  0.00 0.00 0.72 0.00 0.00 0.00 0.28 0.00  0.00 0.00 0.01 0.00 0.00 0.00 0.01 0.00 0.00 0.00 0.01 0.00
Ay/At  0.00 0.00 0.00 0.72 0.00 0.00 0.00 0.28 0.00 0.00 0.00 0.01 0.00 0.00 0.00 0.01 0.00 0.00 0.00 0.01
Av, /At —0.26 0.00 108.68 0.51 —-0.26 0.00 -—109.11 -0.51 0.05 0.00 2.03 0.00 0.05 0.00 203 0.00 0.05 0.00 203 0.00
Avy/At  0.00 —0.26 042 109.56 0.00 —0.26 —0.42 —109.98 0.00 0.05 0.00 2.04 0.00 0.05 0.00 2.04 000 0.05 0.00 2.04
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FIG. 5. lll-conditioning arises from the linear dependence between the current and delayed states. The left panel illustrates that for k = 2, matrix G can be partitioned into
two submatrices corresponding to the features evaluated at the current and delayed states along the time series. For the magnetic pendulum, A and B are Nigin Ny x 10
and NiainNisj x 11 matrices, respectively. The middle panel displays the histogram of the condition number of each matrix G', A, and B for Nisj = 1000 trajectories. While A
and B are well-conditioned, with overlapping histograms around ©(10%), G is ill-conditioned, exhibiting a condition number, orders of magnitude larger than its submatrices.
The right panel shows the ten principal angles between the column spaces of A and B, as the number of trajectories is increased. Even a 100-fold increase in trajectories has
no impact on the group of principal angles near zero, indicating linear dependence between the column spaces R (A) and R(B). This is corroborated by the inset panel,
which highlights a few principal angles below 10~ on a logarithmic scale. Principal angles are color-coded: those below 102 appear in red, while larger angles are shown

in gray. All settings and parameters are the same as in Fig. 2.

the amount of training data. This near-linear dependence persists
because features are evaluated at consecutive times. Consequently,
adding data only increases the size of GT used in the Ridge regression
[Eq. (4)], leading to an increase in the norm of W, or equivalently,
the condition number « (W), which tends to grow as shown in Fig. 6.

These numerical observations can be made more precisely by
analyzing in more detail the least-square problem [A = 01in Eq. (4)].

1000
S 800
E
3
£ 600
c
S
2
< 4004
c
o
o
> 200
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T T T T
10! 102 10° 10*

Niraj, number of training trajectories

T
10°

FIG. 6. Condition number as an indicator for the instability in NGRC. Using the
same setup as in Fig. 2, we plot the condition number « (W) of the readout
matrix against the number of training trajectories Nij. The condition number
monotonically increases as more training trajectories are included. Once a thresh-
old has been crossed (x (W) ~ 180), NGRC becomes unstable (cf. Fig. 2).
We note, however, that this threshold based on the condition number is likely
system-specific.

The least-square problem approximates Y, induced by the flow sur-
face ¢a; in Eq. (8), with a vector lying in the column space of GT.
Since GT is a partitioned matrix, the column space of A corresponds
to the directions associated with feature terms in the original equa-
tions of motion Egs. (12)-(15) and, thus, the flow surface itself. In
contrast, the transverse directions of the flow surface are spanned by
vectors lying in R(B). Therefore, it follows that

Result II.1. For A =0, whenever the minimum principal
angle 6,3 is close to zero, the solution of Eq. (4), W, has nonzero
entries (corresponding to the transverse directions) that grow with
Ntraj~

The idea is to adapt Ref. 42 in the context of the NGRC
model, using sensitivity analysis of the exact least-square regres-
sion problem [ = 0 in Eq. (4)]. We refer the reader to SM.IV in
the supplementary material for details. The ill-conditioning in data
matrix G and increasing Ni.; inevitably leads to growing weights
(entries of W) corresponding to the transverse directions in the solu-
tion of the least-square problem.” The result also extends to a small
regularization coefficient A, where W is computed using the Ridge
regression in Eq. (4). These growing coefficient entries of W in the
transverse direction potentially lead to an unstable NGRC model.
Without a mechanism to constrain the NGRC dynamics, NGRC
does not learn a stable integration scheme, and the autonomous
dynamics consequently diverge to infinity after a handful of itera-
tions.

Geometrically, the key insight is the following: for the mag-
netic pendulum system, flow map ®,, is defined on R* — R*; for
NGRC, because of the inclusion of delayed states, map W is actually
defined on R* — R*, Thus, for k > 1, NGRC is learning a higher
dimensional map than the true flow map. During training, because
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R*™ — R™

flow surface

FIG. 7. Stable NGRCs stay close to the flow surface whereas unstable NGRCs
move away from the flow surface. During the prediction phase, a stable NGRC
model would stay close to the low-dimensional sub-manifold where the R” — R"
flow surface is defined. This is also where all training data come from (and, thus,
where meaningful fitting happens). An unstable NGRC model, in contrast, would
move rapidly away from the flow surface due to transverse instability created by
the delayed states, which typically results in the predictions blowing up.

all data come from the real system, NGRC only sees the R* — R*
sub-manifold of W, on which ®,, is defined. It is, thus, no surprise
that, as NGRC tries to fit more and more data on the R* — R*
sub-manifold, it inevitably creates instability in the other 4(k — 1)
directions transverse to the sub-manifold. When such transverse
instabilities exist, NGRC trajectories will move away exponentially
from that sub-manifold (so as long as we do not start exactly on
the subspace where the flow map is defined). In this case, the fitting
error on the flow surface is meaningless, no matter how good the
fit is. The instability of NGRC (as an integrator) we characterized in
Sec. I1 D is hidden and not reflected in the flow surfaces visualized
in Sec. IT C because we are using the ground truth for the delayed
states. Instead, the instability only becomes apparent when looking
at the full R* — R* space (in particular, at directions transverse to
the low-dimensional flow surface). We illustrate this geometric ori-
gin of NGRC instability in Fig. 7 and show the transverse instability
explicitly in Fig. 8.

The results above have a few interesting corollaries. First, we
can make G better-conditioned (and the corresponding NGRC
model more stable) simply by setting k = 1 (i.e., no delayed states).
The nearly linear dependence between the current and delayed states
is absent, making the entries of W to not grow with more train-
ing data. Indeed, we no longer observe any instability for NGRC in
this case. However, we pay a price by eschewing the delayed states:
although stable, NGRC becomes much less expressive—it cannot fit
the flow surface well and the prediction performance is poor unless
the sampling rate is unrealistically high (i.e., At — 0). Alternatively,
GT becomes less ill-conditioned if the time skip (delay) between
the current state and the delayed state is increased (see SM.IIT A
in the supplementary material for details). However, increasing the
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FIG. 8. More data can create transverse instability on the flow surface. Using the
same setup as in Fig. 2, we plot the average distance to the flow surface against
the number of training trajectories. The average distance d is obtained by aver-
aging the distance to the flow surface over the NGRC-predicted trajectory for 100
time units. For a given regularization coefficient A, transverse instability devel-
ops beyond a certain number of training trajectories, and the NGRC predictions
diverge exponentially away from the low-dimensional flow surface (d jumps from
around 10~* to numerical infinity). We note that the transverse instability sets in
exactly when NGRC becomes unstable (cf. Fig. 2).

time skip demands more training data in addition to creating a new
hyperparameter to optimize, which can be challenging in practi-
cal applications. Finally, the NGRC model can also be stabilized
by reducing « (W). For example, for a fixed N, if € (W) is above
the instability threshold, we can stabilize NGRC by increasing the
regularization coefficient A. Operationally, more aggressive regu-
larization helps us to dampen the pseudo-inverse of G, filtering
components corresponding to small singular values and mitigating
the spurious linearly dependent directions between the current and
delayed states.

F. How to fix this?

The game we have to play is controlling the ill-conditioning of
GT to avoid the unstable NGRC dynamics. So are there simple ways
to mitigate data-induced instabilities? Here, we discuss two simple
strategies to overcome the ill-conditioned G”: data size-dependent
regularization coefficient and training with noise.

Data size-dependent regularization coefficient: To make
progress, it is helpful to recall the loss function for Ridge regression,

Ntraj
W) =) Y= W-Gil” + A W] (17)
i=1
Here, ||| is the Frobenius norm (elementwise, the L, norm). Y; (G;)

is a matrix whose columns are the states y, (features g;) from the ith
training trajectory. Assuming that each training trajectory gives rise
to a similar fitting error, we can see that the first term in Eq. (17)
is proportional to the number of training trajectories Nyj. Thus,
as the training data increases, the fitting error in Eq. (17) becomes
more and more dominant, effectively decreasing the regularization
strength A and, eventually, leading to an under-regularized model.
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FIG. 9. Proper scaling of the regularization strength fixes data-induced instabil-
ity in NGRC. This is the analog of Fig. 2 but with the regularization coefficient A
scaled linearly by the amount of training data [cf. Eq. (18)]. Now, as we increase
the number of training trajectories Ni;, the trained NGRC no longer undergoes
instability transitions, and the error rate p stabilizes for large Ni;. If the regular-
ization is insufficient, e.g., » = 10, then the trained NGRC is unstable for all
Nigj- If the regularization is too large, e.g., » = 102, it will negatively impact the
prediction accuracy. All settings and parameters other than regularization are the
same as in Fig. 2.

In order to maintain a roughly constant model complexity (mea-
sured here by |[W]|), the regularization coefficient A should scale
linearly with the amount of training data.

Next, we revisit the magnetic pendulum system using the new
loss function defined below, which increases regularization accord-
ingly as more training data are introduced,

Ntraj

W) =) Y =W Gill” + A Nu [ W (18)

i=1

Figure 9 shows the basin prediction error rate p as a function of
Nir.j. Compared to Fig. 2, we see that there is no longer an instabil-
ity transition at large Nir,j, showing that the scaled regularization in
Eq. (18) can successfully suppress the data-induced instability. We
have also confirmed that the condition number « becomes roughly
independent of Nir,j, indicating a nearly constant model complexity
[W] regardless of the amount of training data. As expected, there is
a sweet spot of intermediate regularization that optimizes accuracy
while ensuring stability. In the case of Fig. 9,itis A € (107%,107").

Figure 10 tells a similar story: after an initial decrease in the
fitting error of the flow surface, it approaches a constant value as
Ny, is further increased. Smaller A leads to smaller e, but a A that is
too small (e.g., A = 107°) triggers instability transverse to the flow
surface and destabilizes the NGRC model.

Training with noise: Aside from properly scaling the Ridge
regression regularization strength A, a possible alternative strategy
to mitigate instability is adding noise to the training data. Such noise
regularization has been shown to improve the performance and
robustness of reservoir computers.** There are also intimate connec-
tions between noise regularization and Ridge regression when i.i.d.
noise is added directly to the regressors.”” One potential advantage
of regularizing with noise is that a constant level of noise may suffice
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FIG. 10. Under scaled regularization, fitting error to the flow surface saturates as
more training data are included. This is the analog of Fig. 3 but with the regular-
ization coefficient A scaled linearly by the amount of training data [cf. Eq. (18)].
Instead of the fitting error e continuously decreasing with N, it stabilizes quickly
as the optimization achieves a balance between the error term and the regular-
ization term. All settings and parameters other than regularization are the same
asin Fig. 3.

to stabilize the trained model independent of the amount of training
data used.

We have tested this possibility by applying additive noise to the
training time series before calculating the features g, [cf. Eq. (3)]. At
each time step t, we draw noise uniformly and independently from
[—o,0] for each of the n -k components in {X;,X;—1,...,X—kt1}-
Here, o is a parameter that controls the noise strength. We stress
that only the training inputs are modified; the next-step targets
(Yt = X441 — X¢) are still determined based on the noise-free data.
Noise breaks the linear dependence between current and delayed
states because random matrices whose entries are ii.d. contain
almost surely a set of linear independent random vectors. Intuitively,
this forces the NGRC model to learn a contraction map that flows
back to the flow surface in its vicinity.

Figure 11 shows the basin prediction error p vs the number of
training trajectories Ni; for varying noise strengths o'. For this anal-
ysis, we set the (unscaled) Tikhonov regularization A = 107, for
which model instability appeared at Ni.,; &~ 10 sans noise regulariza-
tion (cf. Fig. 2). We see that the effects of noise are a mixed blessing.
With sufficient noise strength, it does mitigate the harmful effects
of more data. In particular, for a given noise strength o, the basin
prediction error (p) is asymptotically independent of Ni.,;. However,
the precise value of p one attains as Ni,; — 00 is exquisitely sensitive
to the noise strength. When o is too low (e.g., 8 x 107°), noise fails
to stabilize; we still see a transition to p = 100% at a finite value of
Niwoj- Increasing o only slightly to 10™* stabilizes the model regard-
less of Ny and, in fact, achieves the lowest asymptotic error rate
observed. Unfortunately, increasing o any further from here rapidly
degrades model performance (Fig. 11). All told, there is a narrow
range of o—less than an order of magnitude—in which noise is
strong enough to be an effective regularizer but not so strong that
it hinders the learning of the flow map.
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FIG. 11. Noise-based regularization can stabilize NGRC but is sensitive to the
choice of noise strength. Unlike Tikhonov regularization in Fig. 2, noise-based
regularization with a fixed strength can stabilize NGRC models for all data sizes.
However, noise strength o needs to be chosen carefully to ensure stability without
sacrificing accuracy. Each data point represents the average over ten independent
trials. Here, we set . = 10~*. All other hyperparameters are the same as in Fig. 2.

11l. DISCUSSION

Here, we have shown how more data can induce instability
when learning unknown dynamical systems. We focused on next-
generation reservoir computing, a simple but powerful framework
recently introduced to complement the standard reservoir com-
puting paradigm.” We showed that the data-induced instability
observed in NGRC does not come from overfitting the flow map.
Instead, it has to do with the instabilities along auxiliary dimensions
transverse to the flow map. Finally, we linked such instabilities to
the fact that training with increasing amounts of data at fixed reg-
ularization can lead to under-regularized models. Motivated by this
observation, we proposed simple fixes either by increasing the reg-
ularization strength in proportion to data size or by introducing the
right amount of noise.

Similar instabilities can arise in other high-dimensional
machine-learning models that involve solving a linear regression
with an ill-conditioned feature matrix. For instance, in network
reconstruction problems, adding “unnecessary” features can result
in ill-conditioning.” Traditional reservoir computers (e.g., echo-
state networks)*°-** also exhibit ill-conditioned matrices®* that affect
dynamical stability. For example,"” reports a failure to reproduce the
correct Lyapunov exponents without regularization. However, the
source of ill-conditioning in RCs differs from that in NGRC. Tradi-
tional RCs do not explicitly use past states of the system as features;
instead, the dynamics emerge from the evolution of the reservoir
states. The stability of these dynamics is typically controlled by the
spectral radius of the reservoir’s internal weight matrix. Setting the
spectral radius less than one ensures a contraction in the reser-
voir state space, which, for some classes of systems, guarantees the
echo-state property.”” Moreover, hyperparameters like the spectral
radius and the regularizer parameter are often tuned in an opti-
mization method to maintain stability during testing, hiding such
data-induced instability. This is different from NGRC, where the
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readout matrix needs to “deal by itself” with potential instabilities
in the NGRC dynamics. Thus, the benefit of NGRC in reduc-
ing the computational cost of optimizing in higher dimensional
hyper-parameter space requires a proper regularization scaling.

The deleterious effect of more training data is also a crucial
aspect of the “double-descent” phenomenon,”>* in which model
performance depends non-monotonically on the ratio of parame-
ters/data. Double descent has been demonstrated in simple regres-
sion tasks®” as well as deep neural networks such as ResNet and
Transformers.” It has been shown that regularization plays a key
role in the double-descent phenomenon.**’” In particular, double
descent mostly appears in under-regularized models, and optimal
regularization can often completely suppress the test error peak
at the interpolation threshold (i.e., model performance improves
monotonically with model size and data size).”” These similarities
suggest a tantalizing connection between the results here and the
double-descent phenomenon. However, we have not observed a sec-
ond descent in the context of basin prediction with NGRC (e.g.,
adding more data does not eventually stabilize NGRC). In the future,
it would be interesting to explore different model sizes and look for
double-descent curves as more features are included in NGRC or
bigger reservoirs are used in RC.”

SUPPLEMENTARY MATERIAL

See the supplementary material for details about the theory
behind data-induced instability and additional simulations.
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