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ABSTRACT

Machine learning techniques offer an effective approach to modeling dynamical systems solely from observed data. However, without explicit
structural priors—built-in assumptions about the underlying dynamics—these techniques typically struggle to generalize to aspects of the
dynamics that are poorly represented in the training data. Here, we demonstrate that reservoir computing—a simple, efficient, and versatile
machine learning framework often used for data-driven modeling of dynamical systems—can generalize to unexplored regions of state space
without explicit structural priors. First, we describe a multiple-trajectory training scheme for reservoir computers that supports training across
a collection of disjoint time series, enabling the effective use of available training data. Then, applying this training scheme to multistable
dynamical systems, we show that reservoir computers trained on trajectories from a single basin of attraction can achieve out-of-domain
generalization by capturing system behavior in entirely unobserved basins.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0283421

A plethora of machine learning (ML) techniques have shown
impressive success in modeling complex dynamical systems from
observed data alone—a challenge of broad practical impor-
tance, e.g., in climate science, public health, economics, ecol-
ogy, and neuroscience. However, these so-called “black-box”
models, which do not incorporate guidance based on known
or suspected features of the system, often require extensive
training data that cover the range of possible system behav-
iors. When the training domain is incomplete, they often fail
outside of it, whereas models that incorporate knowledge of
the system’s properties may still succeed. Here, we show that
reservoir computing—a black-box ML approach commonly used
to model dynamical systems—can overcome this limitation in
important settings. By studying systems that can evolve toward
multiple distinct long-term behaviors, we show that reser-
voir computers can make accurate predictions about behav-
iors they have never seen before, even when trained on limited
data.

I. INTRODUCTION

Data-driven methods for modeling dynamical systems are
essential in applications where a system of interest is complex or
poorly understood and no sufficient knowledge-based (i.e., math-
ematical or physical) model is available. A number of machine
learning (ML) techniques have proven effective for this purpose.1,2

When choosing among these ML approaches, however, one typically
faces a trade-off between data-efficiency and model flexibility.

Unlike black-box approaches, methods that exploit partial
knowledge of the system of interest through a structural prior, i.e.,
an explicit assumption or constraint about the system’s form, are
often capable of generalizing to regions of the system’s state space
not sampled in the training data (out-of-domain generalization),3–6

making them data-efficient and robust. Some such methods con-
strain the functional form of the ML model, e.g., sparse identifica-
tion of nonlinear dynamics7,8 (SINDy) and next generation reservoir
computing9 (NGRC), while others combine ML models with imper-
fect knowledge-based components in hybrid configurations.10–12 If
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the inductive bias conferred to the model by its structural prior
is inconsistent with the system of interest, however, the model
performance can deteriorate substantially.3

On the other hand, black-box models that incorporate no
explicit priors (but often have implicit inductive biases, which may
be subtle13,14) can be expressive enough to model diverse systems
of interest, making them highly flexible. When presented with data
outside of their training context, however, these models cannot rely
on system-informed constraints to help them generalize. Thus, they
typically perform poorly in regions of state space not well sampled
by their training data.3–6,15,16 Black-box models that fall into this class
include a broad set of techniques based on artificial neural networks,
from recurrent architectures—e.g., reservoir computers (RCs), long
short-term memory networks (LSTMs), and gated recurrent units
(GRUs)—to feedforward methods such as neural ODEs.

Here, contrary to widely held assumptions, we demonstrate
that reservoir computers (RCs)—a simple and efficient ML frame-
work commonly used to learn and predict dynamical systems from
observed time series17–20—can generalize to unexplored regions of
state space in many relevant settings, even without explicit structural
priors to guide their behavior.

The simplicity of RCs makes them versatile, and they have
been employed for a wide range of purposes: inferring unmea-
sured system variables from time series data,21 forecasting dynamics
of extended networks22 or spatiotemporal systems,23 separation of
chaotic signals,24 inferring network links,25 and more.20,26,27 As with
other black-box forecasting approaches, however, previous studies
using RCs have focused mostly on monostable systems—those that
exhibit a single stable long-term behavior, which is confined to a
particular region of state space. For these systems, it suffices to
train an RC on a single long time series that samples the relevant
region well. Here, to test RCs’ out-of-domain generalization ability,
we apply reservoir computing to the challenging problem of basin
prediction in “multistable” systems—that is, systems in which each
trajectory evolves toward one of multiple distinct long-term behav-
iors, i.e., “attractors,” each confined to a different region of state
space and having a corresponding “basin of attraction” containing
all initial conditions whose trajectories converge to that attractor.

Because basins of attraction are non-overlapping, multistable
systems present a natural setting to test RCs’ ability to general-
ize to unexplored regions of state space. Such systems also arise
frequently in important scenarios28 (e.g., neuroscience,29 gene regu-
latory networks,30 cell differentiation and pattern formation,31 elec-
trical grids,16,32 and financial markets33) and are often too complex
to confidently construct ML models with suitable structural pri-
ors. They remain underexplored, however, using black-box ML
approaches.

In this paper, we describe a scheme to train RCs on a collec-
tion of disjoint time series, allowing for more flexible and exhaustive
use of available data. This multiple-trajectory training has previously
been applied to multi-task learning, where the goal is to train a sin-
gle RC across multiple dynamical systems, each of which exhibits
different dynamics.34–39 Here, we leverage the scheme’s flexibility
to improve sampling of the state space in multistable dynamical
systems with short-lived transients. Then, we utilize the multista-
bility of these systems to test when RCs can generalize from their
training data to capture system dynamics in unexplored regions of

state space. Specifically, we show that an RC trained on trajectories
from a single basin of attraction can recover the dynamics in other
unexplored basins, capturing even fractal-like basin structures and
unseen chaotic attractors.

II. CHALLENGES IN PREDICTING MULTISTABLE
SYSTEMS

While basin prediction from a short initial time series is fun-
damentally a challenge related to “climate replication” (predicting
the long-term statistics) of dynamical systems, which has been well
studied with RCs in monostable dynamical systems,34,36,40–42 it dif-
fers from the traditionally studied monostable scenario in ways that
make it substantially more challenging. Here, we highlight these
challenges in the context of reservoir computing.

Reservoir computers (RCs) predict the evolution of a system
with state x whose dynamics are governed by

dx

dt
= f(x) (1)

by constructing an auxiliary dynamical system—the “reservoir sys-
tem”—with “reservoir state” r that evolves according to its own
dynamical equation,

dr

dt
= F [r(t), u(t)] , (2)

where u(t) is a driving signal. To train an RC for forecasting, we
drive the reservoir system with an observed time series that is a func-
tion of the state of the true system, u(t) = g(x(t)), in the “open-loop
mode” (Fig. 1). Then, we choose a linear readout matrix or “output
layer,” Wout, such that u(t) can be approximated through a linear
projection of the auxiliary state

û(t) = Woutr(t) ≈ u(t). (3)

Once we have a suitable output layer, the RC can evolve as an
autonomous dynamical system, using its own output as the driv-
ing signal in the “closed-loop mode” (Fig. 1), to mimic the system
of interest

dr

dt
= F[r(t), û(t)] = F[r(t), Woutr(t)]. (4)

Typical approaches for predicting monostable dynamical sys-
tems with RCs assume that a single long training series, u(t),
that evolves along the system’s single stable attractor—a manifold
Msys—provides data that are well sampled on Msys. So long as certain
conditions are satisfied,43–47 the reservoir system, when driven by the
training series u(t), will evolve along some corresponding manifold,
Mres, in the state space of the reservoir once a transient response of
the reservoir has passed.40,46,47 A well-trained output layer, thus, rep-
resents a mapping from the manifold Mres to the manifold Msys and
encodes the dynamics of the true system on this attracting manifold.
The output layer may not, however, accurately represent the dynam-
ics of the true system in regions of state space that were not explored
in training, i.e., regions that are separated from the manifolds Mres

and Msys.
Multistable dynamical systems, which have more than one

attracting manifold, thus, present two challenges to forecasting
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FIG. 1. A reservoir computer for time series prediction.

with reservoir computers. (1) It is often difficult to obtain train-
ing time series that sufficiently sample the state space of multistable
dynamical systems. Since basins of attraction are necessarily non-
overlapping, a single training series cannot sample more than one
of the attracting manifolds. Moreover, the transient behaviors of
trajectories that have not yet reached their attractors are hard to
sample—the transients do not lie on any of the attracting mani-
folds and are also frequently short-lived. (2) Basins of attraction
often have complex, intertwined boundaries, so that a system’s final
state depends sensitively on its initial condition.48 In such cases, a
relatively small prediction error at one time step can push a tra-
jectory from the correct basin of attraction to an incorrect basin of
attraction, making climate replication much more challenging.

In Sec. III, we provide a detailed description of our reser-
voir computing implementation and of the multi-trajectory training
scheme we use to facilitate more exhaustive use of disjoint training
time series, allowing for better sampling of transient dynamics.

III. TRAINING A RESERVOIR COMPUTER ON MULTIPLE
TRAJECTORIES

To construct and train reservoir computers (RCs) for our
experiments, we use some of the same implementations as used in
previous work by Norton and collaborators34 built on the rescompy
python package.49 Accordingly, portions of our RC implementation
and its description are adapted from the earlier work.34

The central component of an RC is a recurrent neural net-
work, “the reservoir,” whose nodes, indexed by i, have associated
continuous-valued, time-dependent activation levels ri(t). The acti-
vations of all Nr nodes in the reservoir constitute the reservoir state,
r(t) = [r1(t), . . . , rNr(t)]

T, which evolves in response to an input sig-
nal according to a dynamical equation with a fixed discrete time step,
!t,

r(t +!t) = (1 − λ)r(t)

+ λ tanh(Wrr(t) + Winu(t) + b), (5)

where the tanh() function is applied element-wise. The input weight
matrix, Win, couples the Nin-dimensional input u(t) to the reservoir
nodes. The directed and weighted adjacency matrix, Wr, specifies the
strength and sign of interactions between each pair of nodes, and a

random vector of biases, b, breaks symmetries in the nodes’ dynam-
ics. We say that the reservoir has “memory” if its state r(t +!t)
depends not only on the most recent input, u(t), but also (recur-
sively) on previous inputs, u(t − m!t) for m > 0—i.e., if (1 − λ)
and/or the matrix Wr are nonzero. The leakage rate, λ, thus, influ-
ences the time-scale on which the reservoir state evolves, and,
consequently, the duration of its memory.

The adjacency matrix, Wr, of each reservoir is a sparse, ran-
dom, directed network with mean degree ⟨d⟩ and probability of
connection between each pair of nodes given by ⟨d⟩/Nr. We assign
non-zero elements of Wr random values from a uniform distribu-
tion U[−1, 1] and then normalize this randomly generated matrix
such that its spectral radius (eigenvalue of largest absolute value) has
some desired value, ρ. To generate the dense input matrix, Win, and
the bias vector, b, we choose each entry from the uniform distri-
butions U[−σ , σ ] and U[−ψ ,ψ], respectively. We call σ the input
strength range and ψ the bias strength range.

To train an RC for a forecasting task, we choose its output
layer, of dimension Nin × Nr, so that at every time step over a set
of Ntrain training signals, u(i), i = 1, . . . , Ntrain, which we standardize
such that each component has mean zero and maximum absolute
value one (as measured across the union of all training signals), the
RC’s output closely matches its input at the next time step

u(i)(t +!t) ≈ Woutr
(i)(t +!t). (6)

The internal parameters of the reservoir (Wr, Win, b, and λ) are set
prior to training and remain unaltered thereafter. To calculate the
output layer, we add white noise to the input time series in order to
promote stable predictions50

ũ(i)
j (t) = u(i)

j (t) + N
(

0, ηRMS[uj]
)

, (7)

where RMS[uj] is the root mean square amplitude of the jth compo-
nent of the inputs calculated over all training time series, N (0, ξ)
draws a random sample from a Gaussian distribution with mean
zero and standard deviation ξ , and η is a small constant—the “noise
amplitude.” We then drive the reservoir with the noisy training
signals in the open-loop mode [Eqs. (2) and (5) and Fig. 1] and
minimize the ridge-regression cost function

Ntrain
∑

i=1

Ni−1
∑

n=Ntrans

∥Woutr
(i)(n!t) − ũ(i)(n!t)∥2

Nfit

+ α∥Wout∥2, (8)

where Ni is the number of (evenly-spaced) data points in the ith sig-
nal (i.e., it has duration (Ni − 1)!t), the scalar α is a (Tikhonov51)
regularization parameter, which prevents over-fitting, ∥ ∥ denotes
the Euclidean (L2) norm, and Nfit =

∑Ntrain
i=1 Ni − Ntrain(Ntrans + 1)

is the number of input/output pairs used for fitting. Importantly,
we discard the first Ntrans reservoir states and target outputs of each
training signal as a transient to allow the reservoir state to synchro-
nize to each signal before fitting over the remaining time steps. [Note
that Eq. (8) reduces to the usual cost function for single-trajectory
training when Ntrain = 1.] The minimization problem, Eq. (8), has
solution

Wout = YRT
(

RRT + αNfitI
)−1

, (9)
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where I is the identity matrix and Y (Nin × Nfit) and R (Nr × Nfit),
respectively, are the target and reservoir state trajectories over the
fitting periods.

We highlight that the dimensions of the matrices YRT and RRT

are independent of the number of training signals, Ntrain. This fact
is useful when Nfit is large (either because we wish to train across
a large number of input time series or because the time series are
long) and storing the reservoir states in computer memory becomes
a challenge. In such cases, we generate batches, bi, i = 1, . . . , Nb, of
reservoir states, each of which is small enough to store and calculate
the total feature matrix RRT as the sum of the feature matrices of the
batches, RRT =

∑Nb
i=1 (RRT)bi

. Once we have calculated the feature
matrix (RRT)bi

for batch bi, we can discard the reservoir states for
that batch and move on to the next batch. Thus, we need to store
only one batch of reservoir states at a time. We can calculate YRT

similarly.
Once the RC has been trained as described above, we use it to

obtain predictions, û(t), of the system of interest. During the predic-
tion phase, the RC operates in the closed-loop mode: at each time
step, its input is set to its own output from the previous step, allow-
ing it to evolve as an autonomous dynamical system. Used in this
way, the RC is intended to mimic the behavior of the system of
interest as in Eq. (4),

r(t +!t) = (1 − λ)r(t) + λ tanh(Wrr(t) + Winû(t) + b), (10a)

û(t +!t) = Woutr(t +!t). (10b)

In typical applications, we wish to predict how the system of interest
will evolve, having observed its recent behavior over some period. In
this case, we naturally use these recent observations to initialize the
forecast. Namely, we drive the reservoir in open-loop mode [Eq. (5)]
with a short “test signal,” utest, consisting of the available recent
observations and then switch to the closed-loop mode [Eq. (10b)] to
forecast from the end of utest. The test signal enables the state of the
auxiliary reservoir system to synchronize to the state of the under-
lying system of interest. In general, an appropriate test signal can be
substantially shorter than would be sufficient to train an RC accu-
rately. Hence, an RC that has been trained to accurately capture the
dynamics of u(t) can be used to predict from a different initial con-
dition by starting from a comparatively short test signal. The test
signal should, however, be at least as long as the RC’s memory to
ensure that the memory is appropriately initialized. (A few recent
studies have also proposed methods to “cold-start” forecasts with
test signals that are even shorter than the RC’s memory.34,52)

IV. RESULTS

We evaluate the ability of our RC setup to generalize to unex-
plored regions of state space using simulated data from four multi-
stable dynamical systems: the Duffing system,53 a multi-well system
with segregated basins, a magnetic pendulum system with fractal-
like basins,54 and a multistable Lorenz-like system with coexisting
chaotic attractors.55 Previous studies3,4 have shown that learning
the dynamics of even low-dimensional multistable systems can be
challenging for typical RC approaches.

To evaluate the performance of our RC implementation in the
context of dissipative systems with fixed-point attractors, we adopt

a working definition for when a time series u(t) is said to converge
to a fixed point Ai, A(u) = Ai. Specifically, if Ai is the nearest sta-
ble fixed point to the final point of the series, u(tf), our convergence
criteria require that u(t) satisfies one of two additional conditions,
depending on whether the system state is fully or partially mea-
sured. When u(t) contains full system state information at every
time step, we require that the energy of the system at tf, E

[

u(tf)
]

,
is below the potential barrier, E0, between the system’s stable attrac-
tors: E

[

u(tf)
]

< E0. When the full system state is not available, and
we cannot calculate the system energy, we instead require that the
final 25 points of u(t) are all within a threshold distance, εc, of the
attracting fixed point Ai.

Given a set of true system trajectories, {uk : k = 1, . . . , N}, and

corresponding predicted trajectories {ûk : k = 1, . . . , N}, we, thus,
approximate the true basin of attraction for the attractor Ai as the
set of initial conditions whose trajectories converge to Ai,

B
(

Ai
)

= {uk(0) : A(uk) = Ai, k = 1, . . . , N}. (11)

Similarly, we estimate the predicted basin of attraction of Ai as

B̂
(

Ai
)

= {ûk
(0) : A(ûk

) = Ai, k = 1, . . . , N}. (12)

A. Intertwined basins in the Duffing system

The Duffing system53 models an oscillator moving under a non-
linear elastic force with linear damping. It is governed by a pair of
coupled ordinary differential equations,

ẋ = y, (13a)

ẏ = F0 + ay − bx − cx3. (13b)

With a = −1/2, b = −1, and c = 1/10, the Duffing system is dis-
sipative and multistable, with two attracting fixed points. When the
system is unforced (F0 = 0), the positions of these attractors are

A±=
(

±
√

−b/c, 0
)

≈ (±3.16, 0) . (14)

There is also an unstable fixed point at the origin. Trajectories start-
ing from almost any initial condition (x0, y0) will, thus, converge to
one of the attractors, A±. The initial conditions from which trajecto-
ries converge to A+ form the basin of attraction B(A+) and the initial
conditions from which trajectories converge to A− form the basin of
attraction B(A−). Only trajectories that move along the stable man-
ifold of the unstable fixed point do not converge to one of the two
attractors. The corresponding set of initial conditions, which is of
measure zero, forms the boundary between B(A+) and B(A−).

We show in Fig. 2 that a reservoir computer (RC) trained on
trajectories from only one basin of attraction, B(A−), can capture the
unforced Duffing system’s dynamics in both basins of attraction and
infer the existence of the other fixed-point attractor, which is unseen
in the training data. Specifically, we train the RC on Ntrain = 10 dif-
ferent trajectories, each of which converges to the fixed point A−

[Fig. 2(a)]. We then evaluate the trained RC on short test signals with
initial conditions sampled from both basins of attraction [Fig. 2(b)].
Each test signal consists of the first Ntest = 10 observations of the
true system’s evolution from a new initial condition, representing
the kind of partial trajectory typically available in a prediction task.
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FIG. 2. RC identification of an unseen attractor in the Duffing system. (a) We train
an RC with Nr = 200 nodes on Ntrain = 10 fully observed trajectories (gray lines)
from one of the Duffing system’s basins of attraction. (b) Then, we forecast the
system’s evolution from 36 initial conditions (dots) and corresponding short test
signals (thick lines, Ntest = 10 observations). Predictions are illustrated by thin
lines. We color each trajectory according to the true basin of its initial condition.
TheRC recovers system behavior in both the seen (blue) and unseen (pink) basins
and predicts the correct fixed point for all sample test signals.

These test signals serve both to initialize the forecast and to allow
the reservoir to synchronize to the new system state before entering
the autonomous closed-loop mode. Even though the RC’s training
data explore only the basin of attraction of the fixed point A−, the
RC infers the existence and location of the second attractor, A+, and

correctly predicts that A+ is also a fixed point (and not, for example,
a limit cycle).

In Figs. 3(a)–3(e), we likewise train an RC on Ntrain = 10 trajec-
tories from the basin of attraction B(A−), but give the RC access to
just the x-component of each trajectory, so that it receives only par-
tial information of the system state at every time step. Then, we again
forecast from test signals in both basins of attraction, each consisting
of Ntest = 10 observations of the true system’s evolution. The sam-
ple forecasts in Figs. 3(d) and 3(e) highlight the challenging nature
of the basin prediction problem. The trajectories of the true sys-
tem in both cases are almost identical until the system approaches
the unstable fixed point at the origin around time step 500. In
Fig. 3(d), the RC correctly predicts that the trajectory converges to
the unseen fixed point, A+. In Fig. 3(e), however, the true trajectory
converges to the seen fixed point, A−, while the RC predicts that
it converges to the unseen fixed point. As the system approaches
the stable manifold of the unstable fixed point at the origin (in this
case, it approaches the origin itself), the seemingly small prediction
error is sufficient to push the autonomous RC system into the incor-
rect basin of attraction, and the predicted and true trajectories then
separate rapidly.

In Fig. 3(a) we make predictions from test signals with ini-
tial conditions (x0, y0) arranged in a 150 × 150 grid spanning
−10 ≤ x0 ≤ 10 and −10 ≤ y0 ≤ 10 and plot the RC-predicted basin
structure. As before, the RC has access to just the x-component of
each test signal; we use y0 for plotting purposes only. Test signals
for which the RC correctly predicts that the system converges to the
seen and the unseen attractors are colored blue and pink. Yellow
indicates test signals for which the RC predicts the incorrect attrac-
tor. The Ntrain = 10 initial conditions of the training signals, all from
the basin B(A−), are marked by black dots and the positions of the
two attracting fixed points are marked by black crosses.

Figure 3(a) demonstrates clearly that an RC trained on data
from only one basin of attraction is able to generalize to the unex-
plored basin. The RC not only infers the existence of the unseen
fixed point, but it also achieves high accuracy in predicting whether
any given initial condition belongs to the basin B(A−) or the basin
B(A+). Only near the basin boundary, where a trajectory’s final state
is most sensitive to perturbations, does the RC occasionally predict
the incorrect basin.

To further explore the ability of RCs to generalize, we investi-
gate the effects of training data diversity, e.g., in terms of the range
of initial conditions sampled. In Figs. 3(b) and 3(c), we reduce the
half-width, !train

0 , of the range from which we select training ini-
tial conditions, while holding fixed the half-width of the test initial
condition range, !test

0 = 10. Here, we see that for the RC to reli-
ably predict system behavior in both basins, the initial conditions
of the training trajectories must be sufficiently far from the fixed-
point attractors. For!train

0 = 7 [Fig. 3(b)], the RC is still able to infer
the existence of the unseen attractor and accurately reconstruct a
large part of the unseen basin. However, for some initial conditions
in the outer regions of the test grid, it predicts that the correspond-
ing trajectories converge to the incorrect attractor (yellow). When
the training range is reduced to!train

0 = 4 [Fig. 3(c)], the RC fails to
identify the unseen fixed-point attractor A+ ≈ (3.16, 0). Trajectories
starting in the white regions of Fig. 3(c) instead converge to spuri-
ous fixed-point attractors near x ≈ −8.4 and x ≈ 1.75 (not shown)
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FIG. 3. RCs can generalize to unseen basins even with sparse and restricted training data. (a)–(e) We train an RC of Nr = 200 nodes on Ntrain = 10 partially observed
trajectories (x only) of the unforced Duffing system (F0 = 0) from the basin of attraction B(A−) (blue). Then, we make predictions from short test signals (Ntest = 10
observations each) from both basins of attraction. We draw the initial conditions, (x0, y0), of the training signals from a random distribution that uniformly covers the intersection
of B(A−) with a square of side 2!train

0 centered at the origin (dashed boxes), i.e., x0 ∼ U
[

−!train
0 ,!train

0

]

and y0 ∼ U
[

−!train
0 ,!train

0

]

, subject to (x0, y0) ∈ B(A−). (a)–(c)

The RC-predicted basins for different values of !train
0 , from !train

0 = 10 (a) to !train
0 = 4 (c). The blue/pink initial conditions are those that the RC correctly predicts belong

to the seen/unseen basin. The initial conditions of test signals for which the RC-predicted trajectory converges to the incorrect attractor are yellow. White initial conditions
indicate that the predicted trajectory converges to a spurious attractor. Crosses mark the true fixed point attractors, and dots mark the training initial conditions. We use y0
for plotting purposes only; the RC has access to and then predicts only the x-component of the Duffing system. (d) and (e) Example predictions for !train

0 = 10. The test
signal ends at the vertical dashed line. (f) and (g) The RC still generalizes to unseen basins when a constant external forcing (F0 = 1) breaks the Duffing system’s rotational
symmetry, whether we train the RC on the smaller basin (f) or the larger basin (g).

that are inconsistent with the Duffing system’s true dynamics. In the
supplementary material (Fig. S1), we present a similar result with
RCs trained on fully observed states of the Duffing system, and a
similar spurious attractor is clearly visualized.

We demonstrate in Figs. 3(f) and 3(g) that the RC does
not rely on the Duffing system’s rotational symmetry to general-
ize to the unexplored basin. Specifically, we break the symmetry
by adding a constant external forcing, F0 = 1, to Eq. (13b). This
change also moves the attracting fixed points to A−

F ≈ (−2.42, 0)
and A+

F ≈ (3.58, 0). We then train the RC on Ntrain = 10 partially
observed trajectories from a single basin of attraction and make
predictions from short test signals (Ntest = 10) in both basins of
attraction, as before. The RC still recovers the system behavior in

both basins, whether we train it on data from the smaller blue basin
(panel f) or from the larger pink basin (panel g).

In Fig. 4, we compare the performance of RCs trained on trajec-
tories from only one basin of attraction of the unforced Duffing sys-
tem, B(A−), to that of RCs trained on trajectories from both basins.
To quantify performance, we measure the fraction of trajectories for
which the RC predicts the correct attractor

fc =
Number of correctly predicted basins

Total number of predictions
. (15)

At every grid point of the heatmaps in Fig. 4, we plot the mean frac-
tion correct, fc, averaged over ten independent random draws of the
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FIG. 4. In many scenarios, RC performance in unseen basins is comparable to
performance in the training basin. We train an RC of Nr = 200 nodes to fore-
cast partially observed states of the Duffing system (x only) and plot the fraction
of short test signals for which the RC predicts the correct basin of attraction as
we vary the number of training initial conditions, Ntrain, and the half-widths of the
ranges of the training and test initial conditions, !train

0 and !test
0 . (a) and (c) All

training signals are from B(A−). (b) and (d) Training signals are from both basins,
B(A±). In all cases, the training initial conditions are random, but the initial con-
ditions of the test signals, belonging to both basins, form a 50 × 50 uniform grid.
Each test signal consists of Ntest = 10 consecutive data points from the true sys-
tem, starting from the specified initial condition. For all grid points, we plot the
mean fraction correct calculated over ten random realizations of the RC’s internal
structure and of the training initial conditions. (a) and (b) Ntrain = 10. (c) and (d)
!test

0 = 10. Vertical lines mark the distance of the fixed points from the origin,

||A±||, and diagonal lines mark !test
0 = !train

0 . Crosses and asterisks indicate

the values of Ntrain, !
train
0 , and !test

0 that we use in Figs. 3(a), 3(d), and 3(e) and
in Figs. 3(b) and 3(c), respectively.

RC’s internal connections, Win and Wr, and of the initial conditions
of the training trajectories.

In Figs. 4(a) and 4(b), we vary the half-ranges, !train
0 and !test

0 ,
of both the training and test initial conditions. We note that when
!train

0 is sufficiently large (!train
0 ! 7) and the training time series

sample the transient dynamics of the Duffing system far from its
attractors, RCs trained on trajectories from only one basin of attrac-
tion capture the system’s basin structure just as reliably as those
trained on trajectories from both basins. The degradation in per-
formance above the diagonal in both cases, however, demonstrates
that RCs have difficulty extrapolating to regions of state space far
from their training data—even as those trained on trajectories from
only one basin reliably generalize to the unexplored basin. Finally,
the white region to the left of Fig. 4(a), where the fraction correct
is no better than chance, highlights again that RCs trained on only

one basin fail to generalize to the unexplored basin if their training
signals do not sufficiently sample the transient dynamics of the Duff-
ing system far from its attractors, as illustrated in Fig. 3. In contrast,
RCs trained on data from both basins still perform well when !train

0

is small, so long as!test
0 is also small.

In Figs. 4(c) and 4(d), we vary the number of training trajecto-
ries, Ntrain, while holding the range of test initial conditions fixed at
!test

0 = 10 (for consistency with Fig. 3 and because it is large enough
that the RC must capture the Duffing system’s transient dynam-
ics well to offer good basin prediction). Here, we see that there is
little or no generalization gap. That is, there is no substantial dif-
ference in accuracy between RCs trained on data from both basins
and those trained on data from only one. In both cases, basin pre-
diction is challenging if the training initial conditions are restricted
to a narrow range, even if a large number of training trajectories is
available. On the other hand, if the training trajectories are drawn
from a wide range of initial conditions and sample well the Duffing
system’s transient dynamics, RCs can offer useful basin predictions
with very few training trajectories.

We demonstrate in the supplementary material (Fig. S2)
that RCs can still reliably generalize to an unseen basin of the
unforced Duffing system when moderate stochastic forcing (dynam-
ical/process noise) influences the evolution of the training trajecto-
ries.

B. Segregated basins in a multi-well system

In the Duffing system, the basins of attraction for the two fixed-
point attractors are substantially intertwined. When the training
initial conditions span a wide range of phase space, some of the
resulting trajectories from the observed basin spend time close to
regions belonging to the unseen basin of attraction, providing useful
information for generalization. In this section, we investigate how
well our RC setup can generalize in a system with segregated basins
of attraction, where training trajectories may start near basin bound-
aries but quickly move away from them, making the extrapolation
task potentially more challenging.

Specifically, we employ a simple multi-well potential with four
segregated basins of attraction. The dynamics are governed by two
independent differential equations,

ẋ =
1

2
x
(

1 − x2
)

, (16a)

ẏ =
1

2
y
(

1 − y2
)

, (16b)

which yield four stable fixed-point attractors at the corners of the
unit square and an unstable fixed point at the origin.

We demonstrate in Fig. 5 that our RC setup can generalize to
unseen segregated basins in the multi-well system. However, the
quality of this generalization is somewhat influenced by whether
inputs to the reservoir are standardized based on the training dis-
tribution (a common practice in machine learning). Standardization
schemes aim to ensure that each component of the inputs has a simi-
lar scale, which helps prevent a subset of inputs from dominating the
dynamics and promotes more effective use of the system’s compu-
tational capacity. However, standardization schemes that are based
on the training distribution implicitly bias the model to perform
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FIG. 5. RC identification of unseen attractors in a multi-well system with segre-
gated basins. We train an RC of Nr = 200 nodes on Ntrain = 25 fully observed
trajectories (gray lines) from two [(a) and (b)] or just one (c) of the multi-well sys-
tem’s basins of attraction (left). Then, we forecast the system’s evolution from 100
initial conditions (dots) and corresponding short test signals (thick lines, Ntest = 5
observations) in two cases: when the inputs to the RC are standardized (center),
and when the inputs to the RC are not standardized (right). We color predictions
(thin lines) orange if they go to an incorrect attractor, and according to their true
basin otherwise.

well on data with similar distributions (i.e., prioritize in-distribution
performance). This bias may not hinder generalization to unseen
intertwined basins of attraction, but we show in Fig. 5 that it can
slightly degrade performance in unseen segregated basins of attrac-
tion, where the mean and range of the test data differ substantially
from the training data.

In the central column of Fig. 5, we use the input strength range
σ = 1.0 (Table III), and we standardize all inputs such that the train-
ing inputs have component-wise mean zero and maximum absolute
value one, as before. (It is also common to standardize inputs to have
unit variance over the training data, but we use the maximum abso-
lute value in this paper so that the standardization is not affected by
long trajectories that are near a fixed point.) In the right-hand col-
umn, we do not standardize the training or test signal inputs and
we scale the input strength range, σ = 0.25, accordingly. When the
range of the training trajectories approximately spans the range of
the test initial conditions, −4 " x " 4 and −4 " y " 4 (row a), the
RC performs similarly with standardized and raw inputs. When the
training trajectories sample only the left two basins of attraction,
x < 0 (row b), the RC again generalizes well in both cases but cap-
tures the locations of the unseen fixed points at x = 1 slightly more

accurately when the input time series are not standardized. Finally,
if the training data sample only one basin of attraction (row c), the
RC identifies all of the unseen attractors when the inputs are not
standardized (raw) but fails to infer one of the unseen fixed-point
attractors when the inputs to the reservoir are standardized.

C. Complex basin structure in a magnetic pendulum
system

We now demonstrate that RCs can achieve similar out-of-
domain generalization in a multistable system with a more complex
basin structure than those of the Duffing or multi-well systems.
The magnetic pendulum system54 consists of an iron bob suspended
at the end of a pendulum above a plane that contains three mag-
netic point charges. The magnets sit at the vertices of an equilateral
triangle and, when the pendulum hangs straight down, the bob
is a height d above the center of this triangle. We choose our
coordinate system such that the origin is the triangle’s center and
the magnets’ positions are (x̃1, ỹ1) = ( 1√

3
, 0), (x̃2, ỹ2) = (− 1

2
√

3
, − 1

2
),

and (x̃3, ỹ3) = (− 1
2
√

3
, 1

2
). Taking the pendulum to be much longer

than the distance between magnets (which is one), so that small
angle approximations are applicable, the equations of motion are

ẍ = −ω2
0x − γ ẋ +

3
∑

i=1

x̃i − x

Di(x, y)3 , (17a)

ÿ = −ω2
0y − γ ẏ +

3
∑

i=1

ỹi − y

Di(x, y)3 , (17b)

where γ is a damping coefficient, ω0 is the natural frequency of the
pendulum, and

Di(x, y) =
√

(x̃i − x)2 + (ỹi − y)2 + d2 (18)

is the distance from the bob to the ith magnet. The pendulum has
three stable fixed points, each corresponding to it hanging directly
above one of the three magnets. We choose the frequency ω0 = 0.5,
damping γ = 0.2, and pendulum height d = 0.2, so that the system
is dissipative and all trajectories, except for those on the stable man-
ifold of an unstable fixed point at the origin (a set of measure zero),
converge to one of the three stable fixed points.

The basin structure of the magnetic pendulum, which we plot
in the plane ẋ = ẏ = 0 in Fig. 6(a), is considerably more complex
than that of the Duffing system. In fact, while not a true fractal, the
basin boundary forms a fractal-like structure54—a so-called “slim
fractal.”56 The resulting sensitivity of the pendulum’s final state to
small perturbations makes basin prediction considerably more dif-
ficult. Despite the challenge posed by transient chaos, however, we
demonstrate in Fig. 6(b) that an RC trained on trajectories from only
one of the magnetic pendulum’s basins of attraction can nonetheless
generalize to the other unexplored basins.

The complexity of the pendulum’s basin structure means that
small forecast errors can easily push the closed-loop RC system
into an incorrect basin of attraction. As a result, we find that to
achieve good performance, compared with the Duffing and multi-
well systems, our setup for the magnetic pendulum requires (1)
more training trajectories and a more powerful (i.e., larger) reservoir

Chaos 35, 103146 (2025); doi: 10.1063/5.0283421 35, 103146-8

Published under an exclusive license by AIP Publishing

 16 N
ovem

ber 2025 17:08:13

https://pubs.aip.org/aip/cha


Chaos ARTICLE pubs.aip.org/aip/cha

FIG. 6. An RC trained on data from only one basin can capture the magnetic pendulum’s complex basin structure. (a) Basins of attraction of the magnetic pendulum in the
plane ẋ = ẏ = 0. Black crosses mark the positions of the magnets. (b) RC-predicted basin structure using test signals of length Ntest = 100 data points with initial conditions
on a 300 × 300 grid. The training and test signals are partially observed (ẋ and ẏ withheld); the RC learns to predict only the position components of the pendulum state.
All Ntrain = 100 training trajectories (black dots) are from the pink basin of attraction. Only fspurious ≈ 8 × 10−4 of the predicted trajectories converge to spurious attractors
(green). (c) RC-predicted basins, with all initial conditions for which the RC predicts that the system converges to an incorrect fixed point (real or spurious) colored white.

to improve the output-layer accuracy and (2) longer test signals to
improve the RC’s initial synchronization. In Fig. 6, for example, we
train a reservoir of size Nr = 2500 nodes on Ntrain = 100 trajectories
and make predictions using test signals of length Ntest = 100 data
points. [We demonstrate in Fig. S3 of the supplementary material
that these test signals are still short enough such that predicting the
correct basin from the end of the test signal is nearly as difficult as
predicting it from the initial condition (start of the test signal). We
also show how the RC’s performance varies with the length of the
test signals.] Remarkably, despite the fractal-like basin boundaries,
the RC is able to provide good predictions not only for the training
(pink) basin but also for the two other unseen basins. Still, because
of the difficulty of the problem, we do not expect that any RC—even
one trained on trajectories from all basins—can reliably predict the
correct attractor for initial conditions far from the fixed points.
(Even a next-generation reservoir computer with a very strong struc-
tural prior requires training data with a high sampling rate to reliably
predict the basins of the magnetic pendulum.3) Figure 6 illustrates
this inherent challenge. The RC-predicted basin structure [Fig. 6(b)]
matches the true basin structure [Fig. 6(a)] well qualitatively, even
as the RC struggles to reliably predict the basins of individual test
signals whose initial conditions are in the outer regions of the test
grid, where the basin structure is most complex [Fig. 6(c)]. The frac-
tion of test signals for which the RC predicts the correct attractor,
fc ≈ 0.66, however, is still substantially higher than the baseline frac-
tion of 0.47 achieved by an approach that simply guesses that the
pendulum will converge to the magnet nearest to it at the end of the
test signal (supplementary material, Fig. S3).

Assessing the qualitative accuracy of the predicted basins in
Fig. 6(b) is analogous to evaluating traditional climate replication
in monostable dynamical systems, which focuses on capturing sta-
tistical properties of the system over time. Here, our goal is for the
statistics of the predicted system behavior – collected over different

test signals—to accurately reflect the system’s multistability. Indeed,
we see that the RC-predicted trajectories rarely converge to spurious
attractors (fspurious ≈ 8 × 10−4, i.e., 75 of the 90 000 sample predic-
tions in Fig. 6) and the RC broadly captures where extended regions
of state space belong to the same basin of attraction and where the
basins are more intertwined.

At the per-basin level, the fraction correct (fc), false negative
rate (1 − fc), and false positive rate are summarized in Table I. These
results, coupled with Fig. S4 of the supplementary material, indicate
that RC performance in predicting basin membership is comparable
for seen and unseen basins, and that, in many cases, an RC trained
on trajectories from only one basin of the magnetic pendulum still
recovers the overall basin structure almost as well as an RC trained
on all three basins—consistent with what we find for the Duffing sys-
tem (Fig. 4). However, even when the RC is successful at predicting
basin membership, it may still miss some of the detailed dynamics
of the unseen basins (see supplementary material, Fig. S5). Overall,
these findings suggest that an RC can learn the system dynamics in a
way that enables generalization to unseen regions of state space in an
operationally useful manner, even without strictly capturing system
symmetries.

TABLE I. Per-basin RC performance in predicting the correct attractor in Fig. 6. Base-
line: a predictor that always guesses the magnet nearest the pendulum at the end of
the test signal.

Basin Fraction correct False neg. rate False pos. rate

Pink 0.66 0.34 0.17
Blue 0.65 0.35 0.17
Yellow 0.66 0.34 0.18
Baseline 0.47 . . . . . .
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D. Coexisting chaotic attractors in a Lorenz-like
system

The Duffing, multi-well, and magnetic pendulum systems are
dissipative, with all trajectories converging to fixed-point attrac-
tors. In many multistable systems, however, the system state never
reaches a fixed point and instead converges to a limit cycle or chaotic
attractor, along which it evolves indefinitely. In this section, we high-
light a case in which an RC captures the existence of an unseen
chaotic attractor.

Following Lü et al.,55 we study a multi-stable Lorenz-like system
that is governed by three coupled ordinary differential equations,

ẋ = −
ab

a + b
x − yz + c, (19a)

ẏ = ay + xz, (19b)

ż = bz + xy. (19c)

When a = −10, b = −4, and c = 18.1, the system has two chaotic
attractors. In Fig. 7(a), we train an RC on a single long trajectory
(black dashed line), which approaches and then evolves along one
of the attractors. Then, we show that the RC captures the existence
and structures of both the seen attractor (the blue lobe, A1) and the
unseen attractor (the pink lobe, A2). To obtain a clear image of the
predicted chaotic attractors in Fig. 7(a), we make predictions using
test signals of Ntest = 50 data points and omit the test signals them-
selves from the figure. These test signals are, however, long enough
that each prediction starts when the system state has already reached
one of the chaotic attractors.

In Fig. 7(b), we reduce the length of the test signals to Ntest = 5
observations so that, for most initial conditions, the system is still

far from the attractors when prediction begins. Then, we plot the
RC-predicted basin structure for test signals with initial conditions
in the plane x = 0. The RC accurately captures the basin structure
of the multistable Lorenz-like system. In fact, the RC predicts the
correct attractor for almost all initial conditions in the 100 × 100
test grid, indicating that it can accurately capture the system’s tran-
sient behavior en route to the chaotic attractors (in addition to
reconstructing the chaotic attractors themselves).

The convergence criteria used for the Duffing, multi-well, and
magnetic pendulum systems in Secs. IV A–IV C do not apply to
the Lorenz-like system because its attractors are not fixed points.
Instead, to determine whether a trajectory u(t) converges to one
of the system’s chaotic attractors, we compute the Kullback–Liebler
(KL) divergence of the empirical state distribution, Pu(v), over the
final 500 time steps of u(t) relative to the distribution PA(v) from a
reference trajectory on the attractor

!KL (PA, Pu) =
∫

v ∈ R3
PA(v) log

PA(v)

Pu(v)
dv. (20)

Following previous work,57,58 we use Gaussian mixture models to
estimate the distributions Pu(v) and PA(v) from the predicted and
reference trajectories. If the KL divergence of the predicted distri-
bution relative to the true distribution on the attractor A is less
than a threshold value, !KL(PA, Pu) < εc, we say that the predicted
trajectory converges to the attractor A.

In Fig. 7(c), we use the KL divergence to assess the quality
of the reconstructed attractors in the seen and unseen basins. The
RC achieves comparable accuracy on the unseen (pink) attractor

FIG. 7. RC reconstruction of an unseen chaotic attractor in a multistable Lorenz-like system. We train an RC with Nr = 500 nodes on a single fully observed trajectory
(dashed line) of the Lorenz-like system. (a) We forecast the system’s evolution from 36 short test signals (Ntest = 50 observations, test signal trajectories not shown for
clarity), each starting from a random initial condition. Forecasts start from the endpoints of these test signals, and each predicted trajectory is colored according to the true
basin of its initial condition. (b) We make predictions from shorter test signals (Ntest = 5) with initial conditions forming a 100 × 100 grid in the x = 0 plane and plot the
RC-predicted basin structure. Yellow and white, respectively, indicate initial conditions for which the prediction converges to the incorrect attractor and those for which the
prediction does not accurately resemble either true attractor [!KL(PAi

, Pû) > ϵc for i = 1, 2]. (c) Distribution of the KL divergence between the predicted and true attractors,
computed over all predictions in panel (b). Each histogram is formed from predictions associated with test signals from the same true basin of attraction and is colored
accordingly. The vertical dotted line indicates the convergence threshold, εc = 1, and the vertical dashed line marks the KL divergence between the true attractors, estimated
as 1

2

(

!KL(PA1 , PA2 ) +!KL(PA2 , PA1 )
)

.
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as on the seen (blue) attractor, with the KL divergence of the pre-
dicted attractor relative to the true attractor in both cases substan-
tially lower than the KL divergence between the two true attractors
(vertical dashed line).

V. DISCUSSION

Our results show that reservoir computers (RCs) can suc-
cessfully generalize to entirely unobserved regions of state space
in multistable dynamical systems. Unlike approaches that rely on
explicit system knowledge or dense coverage of the training domain,
our RC setup requires only a limited set of observed trajectories
and makes no assumptions about the underlying dynamics—i.e., it
operates without explicit structural priors, such as known equations,
symmetries, or conservation laws—yet still learns representations
that support strong out-of-domain generalization.

We make use of a training scheme that allows the RC to incor-
porate information from multiple disjoint time series. Importantly,
we show that RCs trained on trajectories from a single basin of
attraction can accurately predict system behavior in other basins.
After training, the RC can generate predictions from a new ini-
tial condition and observed signal—one that only needs to be long
enough for the reservoir to synchronize—without needing to retrain
or reconfigure the model.

A strength of this approach is that it enables generalization
from a relatively limited set of training trajectories—limited both in
number and in the portion of state space sampled—notably more
restricted than typically used in data-intensive machine learning
frameworks. However, successful generalization still depends on
whether the training data contain sufficient information about the
system’s dynamics. If the training trajectories fail to capture a suffi-
cient range of the system’s behaviors, the RC will not have enough
information to represent behavior beyond the training domain, and
generalization will break down.

These findings suggest that RCs can construct a generalizable
internal representation of system dynamics that extends beyond
the training data. In doing so, they can capture global structures
such as basins of attraction and make reliable forecasts in regions
of state space that were never directly observed. This kind of gen-
eralization—achieved from sparse, disjoint training data and with-
out structural assumptions—positions RCs as a practical tool for
modeling complex systems in settings where prior knowledge is
unavailable and data are limited.

Moving forward, a promising direction for future work is
to develop a mathematical understanding of what enables out-of-
domain generalization in RCs. Generally speaking, vector fields in
part of the state space do not uniquely determine vector fields in
other parts of the state space, so some kind of inductive bias is
needed to accurately predict dynamics far away from the training
data. Unlike most neural networks trained via gradient descent, RC
output weights are determined through regularized linear regres-
sion—a convex optimization problem with a closed-form solution.
In the overparameterized regime, the Moore–Penrose pseudoin-
verse in the closed-form solution selects the solution with the
smallest norm. This optimization process may introduce an implicit
inductive bias that favors simpler, lower-complexity solutions. In
many systems, such simplicity may be an effective inductive bias

that enables generalization beyond the training domain. Exploring
how different regularization schemes influence this tendency and
how they connect to broader ideas in machine learning—such as flat
minima59 and double descent14,60—offers a promising direction for
deepening our understanding of generalization in RCs.

SUPPLEMENTARY MATERIAL

See the supplementary material for Figs. S1–S5, which pro-
vide further information on the sensitivity of RC generalization to
dynamical/process noise, test signal length, and training data diver-
sity, as well as illustrations of predicted near-attractor behavior and
spurious attractors.
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APPENDIX: EXPERIMENTAL SETUP

We obtain trajectories of the Duffing, multi-well, and multi-
stable Lorenz-like systems by integrating Eqs. (13) and (19) using
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TABLE II. Experimental parameters.

Duffing Wells Magnetic Lorenz

RC time step !t 0.01 0.01 0.02 0.02
Training transient Ntrans 5 5 25 5
Training signal
length

Ni ∀ i 500 500 500 5000

Forecast horizon Nf 2000 2000 2000 5000
Convergence
threshold

εc 0.5 . . . 0.25 1.0

a fourth order Runge–Kutta integrator. We generate trajectories of
the magnetic pendulum system by integrating Eq. (17) using the
SCIPY integrate.solve_ivp implementation of the DOP853 eighth
order Runge–Kutta integration scheme. For the magnetic pendu-
lum, the integration time step is adaptive, and for the other systems,
it is fixed (!t = 0.01). In all cases, the time step between sam-
ples in the RCs’ training and test signals is fixed: !t = 0.01 for the
Duffing and multi-well systems and!t = 0.02 for the magnetic pen-
dulum and multistable Lorenz-like systems, as in Table II. Because
we intend for the RC to learn from and predict the transient dynam-
ics of each system, we do not discard any portion of the integrated
trajectories before forming training or test signals. (We do, however,
discard a short transient response of the reservoir’s internal state at
the start of each training signal, as described in Sec. III.)

The parameters we use to construct and train RCs for our
experiments are provided in Table III. The other parameters defin-
ing our experiments are in Table II. For simplicity, we use training
trajectories that are of equal length, Ni = 500 ∀ i = 1, . . . , Ntrain, in
all of our experiments (except for the multistable Lorenz-like system,
which we address separately in the next paragraph). Our multiple-
trajectory training scheme (Sec. III) does not, however, require that
all training signals are the same length. When all training trajecto-
ries must be from the same basin of attraction, we first generate a
trajectory of length 4000!t from each sample initial condition and

TABLE III. Reservoir hyperparameters.

Duffing Wells Magnetic Lorenz

Reservoir size Nr 200 200 2500 500
Mean in-degree ⟨d⟩ 10 10 10 10
Input strength
range

σ 1.0 1.0a 5.0 0.5

Spectral radius ρ 0.4 0.4 0.4 0.4
Bias strength
range

ψ 0.5 0.5 0.5 0.5

Leakage rate λ 1.0 1.0 1.0 1.0
Tikhonov
regularization

α 10−12 10−12 10−10 10−10

Training noise
amplitude

η 10−5 10−5 10−3 10−3

aWe use σ = 1.0 when we standardize inputs to the reservoir and
σ = 0.25 when we do not standardize the inputs.

check whether the trajectory converges to the corresponding desired
attractor. If a trajectory converges to the right attractor, we include
its first Ni = 500 data points in the RC’s training data. We repeat
this process with new sample initial conditions until we obtain the
desired number of training trajectories, Ntrain, from the chosen basin.
In all of our experiments (except the Lorenz-like system), we fore-
cast from the end of each provided test signal, i.e., t = (Ntest − 1)!t,
to time t = Nf!t = 2000!t.

For our experiments with the multistable Lorenz-like system,
we use only one training trajectory, which is of length N1 = 5000
to allow for adequate sampling of the on-attractor chaotic dynam-
ics. Similarly, for each test signal, we forecast from t = (Ntest − 1)!t
to time t = Nf!t = 5000!t. To assess whether a prediction con-
verges to one of the system’s true attractors, we measure the Kull-
back–Liebler (KL) divergence of the empirical distribution of Lorenz
states over the final 500 time steps of the predicted trajectory rela-
tive to that of a reference trajectory on the attractor, as described in
Sec. IV D. We measure the KL divergences using only the final 500
time steps of the predicted trajectory to ensure that (1) the transient
approach to the attractor does not obscure the on-attractor behav-
ior and (2) the RC’s prediction is stable and has remained on the
attractor for a prolonged period (the previous 4500 − Ntest predicted
data points). To estimate the KL divergence, we use the DYSTS61,62

metrics.estimate_kl_divergence routine with its default arguments:
n_samples = 1000, sigma_scale = 1, and eps = 10−10.

As shown in Table III, the reservoir hyperparameters that we
use for our experiments with the Duffing, multi-well, magnetic pen-
dulum, and Lorenz-like systems are identical except for the input
strength range, σ , regularization strength, α, and noise amplitude,
η. We chose these hyperparameters by coarse hand-tuning to allow
for good but not necessarily optimal performance. We chose the
other hyperparameters to have values that typically allow for reason-
ably accurate forecasting with reservoir computers and performed
no experiment-specific tuning of these values. While more robust
hyperparameter tuning may improve performance overall, our pri-
ority is to demonstrate that reservoir computers can generalize to
unexplored regions of state space without system-specific structural
constraints, rather than to obtain highly optimized forecasts.
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