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areimportantin many networked systems, and their effects on collective
dynamics are increasingly being studied. Here, we provide an overview
of this rapidly growing field and of the techniques that can be used to
describe and analyse them. We focus in particular on new phenomena
and challenges that emerge when non-pairwise interactions are
considered. We conclude by discussing open questions and promising
future directions on the collective dynamics of higher-order networks.
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Key points

o Higher-order (non-pairwise) interactions fundamentally reshape
collective dynamics, introducing behaviours such as explosive
synchronization, multistability and dynamical states not seen in
pairwise networks.

o The structure of higher-order networks — including distinctions
between hypergraphs and simplicial complexes and features such
as degree heterogeneity and cross-order correlations — critically
determines the stability and nature of emergent dynamics.

e Dynamics on higher-order networks require new analytical tools,
as classical approaches (such as master stability functions or
Ott-Antonsen theory) often only partially generalize or fail outright.

e Phase reduction theory shows that even simple nonlinear oscillator
systems can generate effective higher-order interactions, providing a
principled way to link physical coupling mechanisms to higher-order
networks.

o New methodological advances enable both reduction and
reconstruction of higher-order networks from data, offering a
principled way to connect real-world observations with appropriate
higher-order representations of complex systems.

Introduction

The emergence of collective dynamics in networks of interacting
dynamical units is a widespread phenomenon in nature and society
and a key signature of many complex systems'°. Synchronization,
in which the units evolve in unison, is one of the most striking exam-
ples:since Christiaan Huygens observed in1665 the ‘strange sympathy
between two pendulum clocks’, mathematicians and physicists have
worked to describe how order can spontaneously emerge as collective
dynamicsin systems of interacting units. From traditional synchrony
and consensus to collective oscillations and chaos, such collective
dynamics are relevant in applications in fields such as neuroscience,
biology and physics’ .

Traditional models of network dynamical systems, including
Yoshiki Kuramoto’s famous model*, often consider all-to-all con-
nectivity between units. Such models typically do not capture the
interaction patterns observed inreal-world systems®. In the past three
decades, developments in network theory have led to abody of work
devoted to unveiling how the structure of the network influences the
emerging collective behaviour, investigating the effect of heavy-tailed
degree distributions”, short system diameters'®, community structure”
and other properties empirically observed in many real-world net-
works. Importantly, collective dynamics of coupled units can often be
traced to certain network properties, suchas abrupt synchronization
transitions triggered by degree-frequency correlation' and cluster
synchronization induced by network symmetries" %

Despite these advances, traditional networks cannot capture
non-pairwise (also known as higher-order or polyadic) ties, in which
more than two unitsarejointly interacting® . Indeed, such systems are
better described by higher-order modelling frameworks, such as sim-
plicial complexes or hypergraphs, in which hyperedges encode struc-
tured interactions among any number of units. A stream of literature

points out thatinboth natural and artificial systems, higher-order inter-
actions candrastically reshape the collective dynamics of asystem, as
reviewed elsewhere??, In this Review, we start with synchronization
and oscillatory dynamics as the unifying scaffold to review new phe-
nomenathatemerge in higher-order networks, because they are some
of the most actively researched dynamical processes on higher-order
networks and often encompass other processes such as consensus** =,
diffusion®* and random walk® as special cases. Where appropriate,
we frame key results in the context of general dynamical processes.
Forin-depthdiscussions on specific processes, such as contagionand
topological signals, we refer readers to other reviews>*.

An overview of the content of the Review is summarized in Fig. 1.
First, we focus on how higher-order structures caninfluence collective
dynamics. We start by describing synchronization phenomenain gen-
eralized Kuramoto oscillators with higher-order ties, discussing how
to provide analytical descriptions of such systems, and the emergence
of new phenomenasuch as explosive transition, multistability and col-
lective dynamics beyond traditional synchronization. Second, we go
beyond Kuramoto dynamics and discuss more general node dynamics
with non-pairwise interactions. For oscillatory intrinsic dynamics, we
connect general oscillator dynamics back to generalized Kuramoto
oscillators through phase reduction theory: higher-order phase inter-
actions may capture indirect interactions between limit-cycle oscilla-
tors. Third, we go in the opposite direction and discuss how dynamics
cangive information about the higher-order organization of asystem.
Inparticular, we discuss how hypergraphs and simplicial complexes can
bereconstructed from time-series data and show that observations of
dynamics unfolding can help reduce the model complexity on higher-
order networks. Finally, we go beyond nodal dynamics and characterize
collective phenomenain dynamical systems in which state variables are
not only associated with nodes but also with edges and hyperedges.

Kuramoto oscillators with higher-order interactions
The Kuramoto model"****° describes the evolution of n oscillators
with phases ;€ T=R/2nZ and intrinsic frequencies w; €R for
iefl, ..., n}. Tounderstand the effect of non-pairwise interactions on
synchronization dynamics, we start with a generalized Kuramoto
model***":

n
giz(l)i+0 z AySin (91—9,)
Jj=1

n
N % fijksin (6;+6,-26) (1)
s

n
+029 % Gysin (26,- 6.~ 6).
i

Similar to the standard Kuramoto model, thismodelincludes pairwise
coupling, described by the coefficients A; of a (weighted) adjacency
matrix and coupling strength o.In addition, there are two distinct types
of nonlinear interactions between triplets of oscillators** the three-
body interactionsin(6; + 6, — 26, is symmetricin theinputsjand kand
is determined by the (weighted) adjacency tensors By of coupling
strength o9; the asymmetric coupling function sin(26; - 6, - 6)isnot
symmetricinjand kand is given by the adjacency tensor Cj of coupling
strength UXS). For global coupling, equation (1) is related to phase
dynamics with nonlinear mean-field coupling®. The coupling through
phase differences induces a rotational symmetry in which a € T acts
as acommon phase shift to all oscillators, 6 — 6 +a.
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Fig.1|Dynamics and higher-order networks. Coupled dynamical units such

as Kuramoto oscillators can exhibit ordered and disordered states such as
synchronization (panels aandb) and incoherence (panels cand d). e, Typically,
innetworks, there is a continuous transition from incoherence to synchronization

Coupling strength

asthe coupling strength isincreased. It is possible to fundamentally change
the dynamics by adding higher-order structure (panel f) and coupling (panel g)
to the network. G® denotes pairwise coupling and G® denotes coupling
betweentriplets.

On the one hand, generalized Kuramoto equations such as (1) can
be considered asmodels in themselves to understand synchronization
dynamics***. Varying parameters such as ag) and OES) independently
allows one to analyse how the non-pairwise interactions shape the syn-
chronization dynamics. On the other hand, equations of this type can
bederived from phase reductions, as discussed subsequently. The result-
ingequationslink tomore general nonlinear oscillators, but non-pairwise
interactions of different types typically arise simultaneously and depend
on the physical model parameters*. We first consider oscillators with
identicalintrinsic frequencies because doing so allows us toisolate the
influence of coupling structures. We then turn to non-identical oscilla-
tors, which display explosive transitions and extensive multistability
when coupled through non-pairwise interactions.

Identical oscillators and the role of hypergraph structure
Anaturalstarting pointis to analyse phase synchrony 6,(¢) = 6,(t), which
isinvariant for the generalized Kuramoto oscillators (1) if the intrinsic
frequencies of the phase oscillators are identical, w;= w. Is this state
(linearly) stable and, importantly, how does this depend on the network
structure givenby A;, B and C?

In pairwise networks, identical frequencies enable linear stability
analysis using the graph LaplacianL,;=K;6;— A; inwhich K;is the degree
of node i. Full-phase synchrony is stable if and only if all non-trivial
eigenvalues of the graph Laplacian are negative. In higher-order net-
works, one can use a natural generalization of the graph Laplacian, the
multiorder Laplacian*’*%. Itis defined as

1
L(Z,mul) — O.L(l) + O.X)]_(Z,S) + EUXS)L(Z,aS)’ (2)

in which the generalized Laplacians at each order d are defined as
L = dK @6, - A\, in terms of the generalized degrees K and gener-

allzed adJacencymatrle“’)oforderd Foranarbitrary hypergraph, the
generalized degree K(d) ofnodeiisthe number ofhyperedges of order
d of which it is a part. For example, K> = =3 Z, k=1Bjx and similarly in
the asymmetric case. Similarly, the generallzed adjacency matrix A; (d)
between nodes i and is the number of hyperedges of order d of

whichbothiandjare part, forexample, A{>® = 3_, B;;. Themultiorder

Laplaciansatisfies the properties expected fromaLaplacian:itis positive
semidefinite andits rows (columns) sumto zero. The multiorder Lapla-
cianis a powerful tool because it extracts all the information relevant
forsynchronizationstability fromthe tensors A;, Bz and C and packages
them into a single Laplacian matrix. It also naturally relates to more
general approaches to determine stability of (cluster) synchrony* -2,

A key question is which network characteristics promote syn-
chronization and which ones impede it*’. The tensors By, and Cy, that
capture the non-pairwise phase interactions are typically adjacency
tensors of hypergraphs or simplicial complexes, two commonly used
representations for higher-order network interactions. Hypergraphs
are the most general representation, whereas simplicial complexes
additionally require downward closure to be satisfied: for any d-body
interaction, all (d-1)-body interactions of the same nodes must alsobe
included®. Often, the two representations are used interchangeably,
and the motivation for choosing one or the other is technical conveni-
ence — for example, simplicial complexes are required if one wants to
perform topological data analysis or Hodge decomposition®**.

However, higher-order interactions under these two representa-
tions can affect dynamics very differently. Higher-order interactions
enhance synchronization in a wide range of hypergraphs but con-
sistently impede synchronization in simplicial complexes®® (Fig. 2d).
Using the multiorder Laplacian framework, one can trace the origin
of these divergent trends to the markedly different degree heteroge-
neities present in the two representations. In particular, owing to the
downward closure conditionin simplicial complexes, hyperedges are
disproportionately attached to nodes that are also well connected
through pairwise edges. This rich-get-richer effect makes simplicial
complexes structurally highly heterogeneous, which is the opposite
to what happens in typical hypergraphs. Beyond synchronization,
the difference in structural heterogeneity between hypergraphs and
simplicial complexes also hasimportant consequences in many other
dynamical processes, such as complex contagions®.

Beyond the relatively crude distinction between hypergraphs and
simplicial complexes, more granular structural features of higher-order
networks can also strongly influence dynamical processes (Fig. 2a—c).
Some ofthese properties are naturally extended from networks, suchas
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generalized degree heterogeneity*****’, whereas others are intrinsically
higher order and have no counterparts in networks, such as cross-order
degree correlation®®***’ and hyperedge overlap®’. The hyperedge overlap
can be further disentangled into inter-order hyperedge overlap (nest-
edness)**®"*¢ and intra-order hyperedge overlap®. For example, higher
hyperedge overlap leads to earlier but smaller outbreaks in contagion
dynamics**>*>*® and can hinder synchronizability®’; lower cross-order
degree correlation can suppress bistability®. Although in pairwise net-
works nodes belonging to the same community are known to synchro-
nize more easily”, asystematic investigation of the effect of higher-order
modular structure®®”° on synchronization s still to be undertaken.

Although full synchrony is one of the most studied collective
states on higher-order networks, there are other synchrony patterns
that can emergein the generalized Kuramoto equation (1). These arise
naturally if the underlying network has symmetries (irrespective of
higher-order interactions): for identical oscillators, network symme-
tries for permutation of nodes translate into symmetries of the coupled
dynamical system?”, which yields invariant states'*’? such as cluster
synchrony patterns. Thus, finding symmetries can provide an essential
tool to identify cluster synchrony patterns®’, even in networks with
higher-orderinteractions”.

Asaconcrete example, full-phase synchrony is the fully symmetric
state in all-to-all coupled networks, whereas ring-like networks with
cyclicsymmetries naturally support twisted states (rotating wave solu-
tions in which the oscillator phases wrap around the circle in a linear
fashion)™”. Foridentical Kuramoto oscillators with pairwise couplings,
twisted states (which includes full synchrony) are the only stable pat-
ternsin ring-like topologies™””. Non-pairwise interactions are one way
tobreak the gradient structure in such systems’®, allowing for awider
variety of stable collective dynamics such as rotating waves, anti-phase
clusters, chimeras and disordered states”*2, As aresult, higher-order
interactions can simultaneously increase multistability (making basins
of attraction ‘smaller’) as well as linear stability (a ‘deeper’ basin of

attraction)®”. For example, a twisted state can become linearly more
stable but at the same time become impossible to reach fromrandom
initial conditions owing to its basin shrinking drastically (squeezed by
other newly created attractors).

The global organization of phase space gives insights into col-
lective phenomena beyond stability of specific synchronized states.
On the one hand, non-pairwise phase interactions can facilitate the
emergence of chaotic dynamics” or collective dynamics organized
by global objects such as heteroclinic cycles®** and networks®.
Onthe other hand, for specific higher-order interactions, the dynam-
ics may be reduced to low-dimensional submanifolds through the
Watanabe-Strogatz reduction®®® (for finite n) and the related
Oott-Antonsen reduction®*! (in the limit of n - ). In particular,
higher-orderinteractions through nonlinear mean-field coupling can
give rise to quasiperiodic collective dynamics*. For finite networks,
the Watanabe-Strogatz reduction gives information about cluster-
ing among oscillators’*’% In the limit of infinitely many oscillators, an
explicit bifurcation analysis allows one to understand how higher-order
interactions stabilize or destabilize twisted states®”.

Non-identical oscillators and explosive transitions

In large ensembles of heterogeneous dynamical systems, a central
question is how individual heterogeneity competes with coupling
between units to promote collective behaviour. In the case of phase
oscillators, heterogeneity is captured by non-uniformity in the natural
frequencies, which are typically assumed to be drawn from some dis-
tribution Q(w). In the classical Kumamoto model®, the interplay
between the spread in natural frequencies and pairwise sinusoidal
coupling yields a phase transition from incoherence to coherence
known as the onset of synchronization. In this transition, the
magnitude r of the complex order parameter z=re'? = (1/n) Z;'-zl el
increases from r= 0 (incoherence) to r > O (partial synchrony). Incor-
porating higher-order interactions of different kinds yields rich
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Fig. 2| Effect of higher-order structure on dynamics. Various structural
properties affect dynamics such as degree homogeneity (panel a), cross-

order degree correlation (panel b), defined as the correlation between degree
sequences from different orders, and intra-order overlap (panel ¢), measuring
the overlap between hyperedges of the same order. d, For example, simpliciality

Stronger pairwise
coupling

Stronger three-body
coupling

(how closeis a hypergraph to becoming a simplicial complex), which affects both

degree homogeneity and cross-order degree correlation, can change whether

higher-order interactions stabilize (yellow curve) or destabilize (blue curve)

synchronization.
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dynamics that include explosive synchronization transitions and
multistability, as also observed in contagion dynamics®**,

The effects of higher-order interactions can best be understood
viaamean-field model. A generalization of the Kuramoto model with
asymmetric coupling between triplets of oscillators as well as coupling
between groups of four oscillators” is

n
. o
6,=w, +— ) sin(6,-6)
n Zl J
(@) n
+—5-Y sin(26,-6,-6) 3)
n" k=1
o n
+=5 ) sin(6;+6,-6,-6),
n =1

in which the interaction strengths are appropriately scaled with the
system size. Using the Ott-Antonsen reduction®* in the limit n > o
and assuming that natural frequencies are drawn from a Lorentzian
distribution with spread ¢, one can show that the amplitude of the
order parameter evolves according to

(as)
OA +0Dr3(1—r2). (4)

2

Importantly, equation (4) reveals that in terms of the macroscopic
dynamics, higher-order interactions manifest as purely nonlinear terms
and do not affect the linear stability of the incoherent state r=0. More-
over, thisnonlinearity givesrise to asubcriticality for sufficiently large
higher-order coupling (UES) + 0> 2¢), inwhichahysteresis loop forms
and aregion of bistability between incoherence and synchronization
appears (Fig.3a). Thus, by increasing and decreasing the pairwise cou-
pling strength g, the system undergoes explosive transitions between
incoherence and partial synchronization (Fig. 3b).

If the mean-field coupling in the generalized Kuramoto equa-
tions (3) isreplaced with non-trivial coupling structures, higher-order
interactions of the same kind continue to yield bistability and explo-
sive transitions via a hysteresis loop®*. Moreover, the hysteresis loop
induced by higher-orderinteractions canbe compounded into multiple
tiers by adding time delays between the oscillators”. Interestingly,
although higher-order interactions do not affect the linear stability of
theincoherent state r=0inequation (3), this can change wheninertial
terms are present’®. Additionally, incorporating community structure
intothe coupling leads to added multistability, resulting in anti-phase
synchronized and skew-phase synchronized states emerging alongside
incoherent and synchronized states®. Adding another layer of com-
plexity, a few studies in recent years have considered mobile oscilla-
tors (rather thanstatic), which can produce rich dynamics with spatial
patterns and bistability”'°". Finally, work has also extended pinning
control methods to higher-order networks to promote'* " or suppress
synchrony'?, to account for these changes in the dynamics.

Inthe specific case of symmetric three-body coupling, even when
analysed on its own, analytical results are more difficult to come by*.
Consider the system

F=—cr+ gr(l—rz) +

(s) n
gl.:wﬁnfﬁz Y sin(6+6,-26), )

Jk=1

in which the m-periodicity (instead of 2m-periodicity) of the cou-
pling function in the direction of 6; hinders the derivation of a closed
amplitude equation for the macroscopic dynamics using the

Ott-Antonsen ansatz. However, some progress can be made using an
approachsimilartothat of ref. 111, by applying the Ott-Antonsen ansatz
to the symmetric portion of the distribution of oscillators, resulting in
an amplitude equation for the amplitude r, of the generalized order
parameter z, = (1/n) ¥;_, %% This partial dimensionality reduction still
requires aself-consistency analysis but reveals the emergence of cluster
states in which oscillators become entrained to one of two subpopula-
tions at opposite angles. More specifically, the asymmetry between
clustersyields extensive multistability in possible configurations*°, with
larger asymmetry (thatis, stronger unevenness between clusters) giving
riseto alarger value of r (refs. 112,113) (Fig. 3¢). Interpreting oscillators
ineach cluster as abinary O or 1leads to the ability of such systems to

have memory and store complicated strings of information™*.

General network dynamics with

higher-order interactions

How do higher-order interactions shape the emergent dynamics of
coupled dynamical nodes whose states are not simply given by a1D
phase variable — such as Kuramoto oscillators —butliveinamore gen-
eral state space? Inthis section, we consider ageneral class of coupled
dynamical nodes®"", in which the state x; € R% of node i € {1, ..., n}
evolves according to

n
X =Fo)+a Yy A;GP0x;x)
=
J (6)

n
+0p z Bijk G(3)(xj’xk;xi)+..._
Jk=1

Here F;determines theintrinsic dynamics of node i, the tensors Ay, By, ...
the coupling structure and G the functional form of the interactions of
order gbetweennodes (whichare generally assumed to be nonlinear).
The network dynamics (equation (6)) encompass model equations
for arange of physical systems including consensus dynamics®>* or
mean-field approximations of contagion processes****""*"7, We focus in
thisReview on general collective dynamical phenomena; ref. 36 offers
anoverview of results specific to contagion dynamics.

We first discuss different collective dynamics that can arise from
general intrinsic dynamics F;, how to find the best coordinates to ana-
lyse their stability and the challenges introduced by higher-order
interactions. To connect to the results of the previous section, we
then assume that the F; give rise to stable limit cycles and discuss how
generalized Kuramoto equations such as (1) relate to the general system
equation (6) through phase reduction.

Dimensionality reduction for general node dynamics
For identical node dynamics F;, the master stability function (MSF)
formalism™® is the prevailing paradigm to assess linear stability of syn-
chrony as abasic example of collective dynamics of nodes with general
dynamics. It offers crucial insights connecting network structure and
collective dynamics. The basicidea of MSF is to decouple local dynam-
ics from network structure. In particular, by switching to coordinates
that diagonalize the coupling matrix representing the network, one
can keep the stability problem low-dimensional for arbitrarily large
networks. The effect of the network structure isthen encoded through
aset of eigenvalues, which is independent from the node dynamics
and coupling functions.

For systems with non-pairwise interactions, approaches in
the spirit of MSF have been proposed*®"’. However, there are a few
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(HOIs) are present. The choice of non-pairwise coupling function, for example,
asymmetric (equation (3), panel b) or symmetric (equation (5), panel ¢), can lead
todistinct stable states and bifurcation diagrams.

challenges in fully adapting MSF from networks to hypergraphs. First,
unlike the adjacency matrix or Laplacian matrix for networks, the cou-
pling structurein equation (6) is described by tensors. Fortunately, in
the context of linear stability analysis, one does not have to deal with
tensorsdirectly*.In particular, the tensor used to describe each order
of interactions can be reduced to a corresponding Laplacian matrix,
which has been referred to as generalized Laplacians (with the same
definition as those in equation (2)). Unlike the case of Kuramoto oscil-
lators, however, these generalized Laplacians cannot be combined to
formasingle multiorder Laplacian. Thisis because the synchronization
stateisnolonger afixed point — the chaotic synchronization dynamics
require different coupling functions to be treated separately.

The presence of more than one Laplacian matrix in the stability
problemintroduces another unique challenge. Thereis anotion of ‘opti-
mal networks’ for synchronizationin networks, which does not depend
onthe details of the node dynamics or interaction function?*'?2, These
optimal networks maximize synchronization stability and are charac-
terized by fully degenerate Laplacian eigenvalues (excluding the trivial
zero eigenvalue corresponding to perturbing all oscillators inexactly
the same way)'?. Canone perform the same structural optimization for
hypergraphsinequation (6)?Isthere anequivalent notion of ‘optimal
hypergraphs’ for synchronization? These are unanswered questions
because, unlike the MSF approach for networks, full eigendecompo-
sition is usually not possible for hypergraphs owing to the general-
ized Laplacians not commuting with each other, which substantially
increases the dimensionality of the stability problem.

Generalizing equation (6) even further, the MSF framework has
alsobeenextended to hypergraphs or simplicial complexes with addi-
tional temporal'*, multilayer'>>'*, adaptive'””'® or non-reciprocal'®
structures. As we move up in terms of model complexity, however, it
remains a challenge to effectively reduce the dimensionality of the
system for tractable analyses that can offer new insights.

Beyond full synchronization, inequation (6), cluster synchroniza-
tion states can also be observed, in which the system spontaneously
breaksinto multiple clusters of oscillators that are only synchronized
internally®"°, As in the section ‘Identical oscillators and the role of
hypergraph structure’, structural features of the network give flow
invariance of spaces in equation (6) that correspond to cluster syn-
chrony patterns. Such features include classical symmetries®®*>"!
or generalized symmetries (such as quiver symmetries or fibration

symmetries)**"** that also link to more general structural features
such as graph partitions?***¢, Computational algorithms can be used
to identify possible cluster synchrony patterns®>'; algorithms for
pairwise networks remain applicable for higher-order structures via
incidence matrices of hypergraphs®'. Stability properties of cluster
synchrony are also restricted by structural features. For example,
symmetry restricts the spectrum of the linearization”, which has con-
sequences for the stability and bifurcations of cluster synchrony as
(partially) symmetric states. To determine stability numerically, one
may compute the irreducible representations of symmetry groups®
or the finest simultaneous block diagonalization of matrices in the
variational equation®. These techniques reduce the dimensional-
ity of the stability problem by identifying invariant subspaces of the
dynamics and have been generalized to synchronization patterns on
higher-order networks*"%"*,

Further general collective dynamical phenomena of interest
in higher-order network dynamics include heteroclinic cycles™’,
clustering'® and chimera states'°***'"** For example, by treating chi-
merastates asaspecial cluster synchronization pattern, simultaneous
block diagonalization techniques have been used to characterize the
stability of chimeras in the presence of non-pairwise interactions.

Phase reduction for periodic intrinsic dynamics
Now assume that the dynamics of anisolated node in equation (6) are
oscillatory, thatis, each node with state x; € R%is an oscillator x; = F(x;)
with dynamics on a stable limit cycle. If the coupling is weak, the syn-
chronization dynamics of equation (6) can be captured by a phase
description in which the state of oscillator i is determined solely by a
phase variable 6, € T=R/2nZ on the circle. Although the Kuramoto
model is probably the most famous phase description, the dynamics
of the phases obtained from coupled nonlinear oscillators can also
contain non-pairwise coupling terms. Inother words, phase oscillators
with non-pairwise interaction terms, such as equation (1), canariseasa
‘phase reduction’ of coupled nonlinear oscillators (equation (6)).

If the coupling is sufficiently weak, then the collective dynamics
of ncoupled oscillators with high-dimensional state x = (x;, ..., X)) € R
can be reduced to the evolution of phases 8= (@, ..., 8,) € T". Written
compactly, the dynamics of

X;=F(x;) + £G{x) (7)
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are captured by the phases and their interactions:
6= w; +£g(6), (8)

see Box 1for more mathematical details. From a physical perspective,
the idea is to parameterize the phase of each oscillator such that it
evolvesat constant speed w;whenuncoupled (¢=0), extend the notion
of phaseintoaneighbourhood ofthe periodic orbit and determine how
the physicalinteractions G;in equation (7) affect the phase interactions
gi(s)in equation (8). Fromamathematical perspective, a phase reduction
can be related to persistence of normally hyperbolic invariant
manifolds'”. The phaseinteractions g,.‘s)may now contain non-pairwise
interaction terms depending onthe physical coupling G,. Phase reduc-
tions are typically computed using an asymptotic expansion in the
coupling strength . Although traditional phase reductions focus on
the first-order expansion'®'*’, more recently, the focus has shifted to

terms in G;are pairwise, one may expect non-pairwise interactions to
enter the phase dynamics at higher-order expansions*®", Intuitively,
the emergent non-pairwise interactions captureindirectinteractions
between oscillators (for instance, that oscillator i receives input from
oscillator kviajindependent of any directinteraction between iand k).

Thefunctional form of the non-pairwise interactions dependsonthe
couplingstrength, the ‘shape’ of the periodic orbit and the physical inter-
actionsbetweenthe oscillators. Asanexample, the phase interactions for

identical oscillatorsinequation (7) yield phase equations of the form™?

N
6 =w+e) g6,-6)
Jj=1

N
+€ Z g3(0j+ 6[_29/()

Ji=1

compute second-order and higher-order phase reductions***1%, 9)
There are several ways that non-pairwise interactions can appear ve g- (20,-6,-6)

inthe phase dynamics (8) depending on the coupling of the nonlinear et 844507 Bk

oscillators in equation (7): first, if the coupling in G, of the nonlinear N

oscillatorsis non-pairwise, then one can expect the phase interactions +e Y 85(6;+6,-6,-6))

tobe non-pairwise at first order>'*>, Second, even when the coupling jLm=1
Box 1| Phase descriptions of coupled oscillators
The main intuition behind phase reduction is that the state on a The phase description remains valid as the coupling strength is
(hyperbolic) limit cyclel € R? can be described solely in terms of increased (see the figure, panel ¢). Fenichel’s theorem'* implies that the

phase 9 € T of the oscillation'*®" (see the figure, panel a). In other
words, there is a map eio) . T > R that assigns each phase the
corresponding pointon I andl = eio)(’ﬂ‘). One typically defines 9 such
that, in the absence of input, it evolves at uniform speed w. The notion
of phase can be extended into the basin of attraction of the limit
cycle; isochron I(9) are the points of identical (asymptotic) phase.
External forcing (such as through network interactions) affects the
phase. The result are phase-reduced equations such as (8).

For n oscillators (to keep notation simple assume they are
identical) as an autonomous system — such as equation (7) — one can
interpret a phase reduction as dynamics on an invariant torus (see the
figure, panel b). Indeed, the uncoupled limit cycles (€ = 0) form an
(low-dimensional) invariant torus T = [™ that attracts all nearby
points. The map €@ : T" > R™, (8, ..., 8,) — (€2(8)), ..., e(6,))
assigns each phase combination the corresponding point in phase
space and T = e©(TM). In other words, the dynamics reduce to T®
and are described only by the phase variables; the ‘amplitudes’ are
determined by the phases.

£ (-l]—n) -Mc [Rd" C

I'x{0}y {0} xT

torus persists up to a certain coupling strength g, that is, for O<e<g,,
there is a torus T® close to T that attracts all nearby points; this
corresponds to a phase reduction. (As the coupling strength is increased
invariant torus may eventually break down — but particular states, such
as synchrony, may persist beyond the torus breakdown). Computing the
perturbed torus T® = e®(T™ and the dynamics thereon given by a
vector field f: T > R" provides a way to compute a phase reduction™'.
Specifically, expanding the phase dynamics f® = w +f® + ... and the
embedding €® =€ +ge + ..., one can compute €®, f© simultaneously
order-by-order to the desired order. As a description for the dynamics,

a phase reduction is not unique: there is a trade-off between choosing
coordinates on the torus (through €®) and the phase dynamics f® so
that they match the unreduced system (8). Thus, when doing a phase
reduction, one typically has to decide whether to preserve the meaning
of phase of the uncoupled system (as in traditional approaches) or
whether to reparameterize phases for the phase interactions to be as
simple as possible (in normal form as in ref. 151). This approach can be
extended to oscillators with time-delayed interactions??.

e G]'")

aee(s) 1) f(s)
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Fig. 4 |Data-informed representation of higher-order networks. One can
decrease the complexity of a higher-order network by either reducing the
maximum order of interactions (panel a) or coarse graining it into fewer nodes
(panel b). Both reduction and renormalization use information from observing
the dynamics unfolding on the nodes. Complementarily, when the coupling

structure is unknown to begin with, there are methods to reconstruct it from
observed time series (panel c).

£

for 2m-periodic coupling functions g,, g3, g,, g5 (with one or two har-
monics) that mediate pairwise, two types of three-body and one type
of four-body interactions. Conversely, one may ask whether there are
coupled nonlinear oscillators that have a given phase reduction. For
pairwise interactions, the goal of ‘synchronization engineering>*'%*
is to design oscillator coupling through feedback to achieve a target
phase reduction. A general theory for non-pairwise interactions is
under development.

From the phase reduction perspective, when do the emer-
gent non-pairwise interactions matter for the observed dynamics?
First, oscillators only interact in phase if they are resonant™, that
is, their angular frequencies are in a rational relation; this condition
applies for both pairwise and non-pairwise interactions and relates
to averaging””"® and normal forms™'. Second, non-pairwise interac-
tions that arise from higher-order phase reductions become more
relevant as the coupling strength becomes larger and a first-order
approximation breaks down'’. Third, higher-orderinteractions have a
rolein determining the bifurcation behaviour of a system: at bifurcation
points, higher-order terms can determine the type of bifurcation'.
Fourth, non-pairwise interaction terms matter when the dynamics of
anapproximation with pairwise coupling are degenerate. Forexample,

alow-order approximation of a globally coupled network of identical
oscillators with Kuramoto-type interactions is degenerate®, whereas
abetter approximation (9) with non-pairwise coupling can reveal the
possibility of chaotic dynamics”.

Phase reduction providesadirect link between systems of coupled
nonlinear oscillators and phase oscillator systems with non-pairwise
interactions. Consequently, the dynamical phenomena that arise in
either, including synchrony™° and chimeras'®, must be related. Using
thisapproach makesit possible to linkinsights that come from treating
phaseoscillators that have higher-order interactions asmodelsin them-
selves — insights such as those coming from studying the underlying
hypergraphs or simplicial complexes — with the emergent collective
dynamics of coupled nonlinear oscillators.

Reduction and reconstruction of higher-order
networks from data

Given a higher-order structure such as a hypergraph or simplicial
complex, one can defineadynamical systemonitas discussed earlier.
But given dynamics, one can ask about what (higher-order) network
coupling structure provides a good representation for the dynamics
and data measured from it'®>, For example, should it be a simplicial
complex, a hypergraph or a more general object such as a directed
hypergraph®*'?**? This question has natural implications when there
are different combinatorial objects for the same dynamics®. Phase
reduction provides an explicit example, in which the order of the
‘physical’ network interactions may be different from the ‘effective’
phase interactions (pairwise as opposed to higher-order phase inter-
actions). There are also implications for network reconstruction'®:
in the context of phase reduction, whether one reconstructs physical
interactions or effective phase interactions. Finally, what best way to
encode higher-order network structure also depends on the ques-
tion. Forexample, classical techniques applied to theincidence graph
as arepresentation for a hypergraph can give insights on possible
synchrony patterns®'.

How high an order is high enough?

Including higher-order interactions yields additional combinatorial
complexity: the computational overhead of models and algorithms
increases exponentially with the maximum interaction order being
considered. One may therefore ask what the minimum order needed to
represent observed dynamicsis (Fig. 4a). For cluster synchronization,
there are explicit estimates for the minimal order necessary'**. More
generally, one canbreak downinteractions depending onthe formand
nonlinearity of the interaction functions™° and identify systems that
are dynamically equivalent. Along similar lines, one can determine
conditions under which some dynamical processes on hypergraphs
can be exactly rewritten as dynamics on a new hypergraph with a
lower maximum order'® by contrasting the topological order d,,
of ahypergraph — determined by the size of the largest hyperedge —
with the dynamical order d,,, determined by the coupling functions
of the dynamics.

For example, take a hypergraph with pairwise and three-body
interactions, so that d,,,, = 3. Now, if the three-body functions are
g,(0,, 6, 6,) =sin(6;+ 6, — 26), they cannot be linearly decomposed
into functions of fewer phases, and hence d,,, = 3. However, if
85(6,, 6, 6,) =sin(6, - 6) +sin(6; - 0),thend,,,=2,becauseitisthelin-
ear combination of two pairwise coupling functions. Finally, these
two orders can be combined into an effective order d ;bounded by
dogr < Min(d oo, dgyr), inwhich the equality holds most of the time. Note
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that this framework only works for coupling functions f, that are invari-
antunder any permutation of their last d—1arguments. In higher-order
Kuramoto dynamics, this condition would be met by sin(6; + 6, - 26
butnotbysin(26; - 6, - 6).

The question can also be approached from the perspective of
model selection®'*®, Given a hypergraph with maximum interaction
order d,,,,, when is a reduced hypergraph with hyperedges up to
d < d,asuitable model of the original hypergraph? To do this, beyond
purely topological arguments'*® one can compare the density matrices
of reduced hypergraphs at each order with that of the original
hypergraph®’, which are representations of higher-order diffusion
processes onthe hypergraphs, at a chosen diffusion time. The quality
of agivenreduced hypergraph can then be assessed with a cost func-
tion: better reduced hypergraphs minimize the cost function by maxi-
mizing model accuracy while minimizing model complexity, in the
spirit of the minimum message length framework. The method deter-
mines asuitable order d, < d,,,at which the hypergraph canbe trun-
cated, discarding higher orders, effectively compressing the original
hypergraph. This method has been used to show that although some
systems are fully reducible to only pairwise interactions, others cannot
bereducedatall.

Renormalizing to smaller hypergraphs

In the studies discussed earlier, the goal was to reduce the system by
discarding large hyperedges while preserving the dynamics of the
system. Another way toreduce the complexity of asystemis to reduce
the number of nodes by merging similar nodes, following the classical
ideas of the renormalization group (RG)'® (Fig. 4b). Importantly, in
scale-invariant systems, this zooming-in should not affect the dynam-
ics of the system. Using metric space embedding, multiple approaches
have been proposed to extend the RG framework to (pairwise) complex
networks'®®'®”. More recently, it was proposed to use diffusion to natu-
rally capture the topological — rather than geometric — aspect of the
problem"°. The approach has been generalized to higher-order net-
works by defining a cross-order Laplacian L(Xdlydz)that captures diffusion
betweeninteractions of orders d,and d, (ref.171) (see the next section
for hyperedge-based approaches). Similar to the approach used in
ref. 59, the density matrix formalism can be used to merge nodes into
super-nodes and to define a higher-order scale-invariance parameter
to quantify scale invariance. Results from such studies show that
empirical systems from various domains display different higher-order
scale-invariance profiles. Using an idea distinct from the RG-based
approaches, one can show that many complex systems canbe reduced
to alow-rank matrix by keeping only the most relevant singular values
from the original adjacency matrix of the system'’% Importantly,
higher-order interactions can emerge when applying this reduction
to pairwise networks.

Inferring higher-order structures from dynamics

Given dynamics, the inverse problem of inferring the organization of
higher-order networks fromtime seriesis equally important (Fig. 4c).
Doing so is especially relevant in many applications given that direct
measurements of higher-order interactions in many complex sys-
tems are challenging with current experimental techniques. For net-
works with pairwise connections, network inference problems have
along history'®, Inferring higher-order interactions from data has
been less studied but is a rapidly developing field””">7°, In this sec-
tion, we focus mainly on dynamical systems approaches for hyper-
graph reconstruction'°'%2, However, it is worth noting that other

approaches such as information-theoretic techniques are also effec-
tiveand canreveal insights complementary to the dynamical systems
approaches®817,

Acommonsetup for hypergraphreconstructionis based on equa-
tion (6). We assume that the adjacency tensors A;and B are unknown
and would like to infer them from observed trajectories of x. If the
intrinsic dynamics F;and the coupling functions G® and G® are known,
one canmap the hypergraphreconstruction problemto linear matrix
equations'®, which can be solved using optimization techniques such
as ordinary least squares, signal Lasso or non-negative least squares.
Because the number of hyperedges that need to be considered grows
rapidly with the systemsize and interaction order, it canbecome com-
putationally challenging to reconstruct large hypergraphs. The com-
putational efficiency of the method has been improved by focusing
on important special cases such as systems with weak higher-order
interactions'®’.

When the underlying dynamics and/or coupling functions are
unknown, one needs model-free inference methods'®, which canbe
especially effective for complex systems whose precise dynamics
are difficult to model. One idea is to perform the Taylor expansion
of equation (6) around an arbitrary base point'”’. Doing so provides
the theoretical basis for applying sparse regression techniques'’
with monomial feature libraries to observe trajectories and look
for terms such as x;x;x, in the identified equation, which indi-
cates the existence of three-body interactions among the nodes i,
Jjandk.

Phase reduction also provides a powerful tool for recon-
structing hypergraphs. For example, phase reduction and spectral
decomposition have been used to infer the effective connectivity
between the phase-reduced oscillators*°'®2, The method involves
numerical estimation of their phase, derivative and coupling functions
approximated by Fourier series, the coefficients of which are associ-
ated with the weights of the reconstructed directed hyperedges. More
generally, if there are multiple representations of the same dynamics
(through phase reductions, for example), there is a question whether
network reconstruction captures physical or (higher-order) effective
interactions'.

Thetechniques above all require estimating the derivatives from
data; doing so can be sensitive to noise and imposes constraints on
how far apart adjacent data points can be. A promising research direc-
tion is to incorporate advances in derivative-free methods'” to make
hypergraph reconstruction more robust to noise and applicable to
sparsely sampled data. Computational cost is another issue that can
be further improved. Despite solid progress in making the inference
more efficient, at present it is still challenging to reconstruct interac-
tions beyond the third order for general hypergraphs with more than
afew hundred nodes. New ideas are needed to scale up the inference
to thousands of nodes and beyond.

Finally, future works have the opportunity to develop and apply
hypergraph inference methods to real-world data. Taking this chal-
lenge head-on can have anotableimpact onfields such as ecology and
neuroscience® ™, For example, if we think of the brain as an inter-
connected dynamical system, are networks an adequate model to
describe the couplings between brain regions, or are non-pairwise
interactions needed to capture the observed brain dynamics?
By applying the model-free hypergraph inference method from
ref.179 toresting-state electroencephalogram data, it was found that
non-pairwise interactions can contribute significantly to macroscopic
brain dynamics.
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Beyond node dynamics: dynamical

higher-order networks

In the previous sections, we made the implicit assumption that the
dynamics of the higher-order networks take place exclusively on
the nodes. Alternatively, one can associate dynamical variables with
edges and hyperedges to represent fluxes — an approach relevant
for transport networks such as the ocean'*, opinions of groups of
individuals'” or the brain’s dynamic functional connectivity'. Such
dynamics have mostly been considered in the context of simplicial
complexes, in which one can exploit the rich theory from discrete
geometry and topology; see refs. 37,196 for reviews on such types of
edge-based dynamics.

The simplicial Kuramoto model (Fig. 5), also known as the topo-
logical Kuramoto model'”’, describes the synchronization dynamics
of oscillator phases ¢*) € T*®placed on the k-simplices of asimplicial
complex. The model is elegantly formulated with boundary (B¥) and
co-boundary (BkT) operators describing the adjacency relations
between simplices as:

¢ = w- "B sin (BT p®)) - 6*BX'sin (B*p®).
For k=0, the last term vanishes and the model reduces to the stand-
ard Kuramoto model, but for k > 0, two different types of interactions
emerge: one from below (V) involving adjacent lower-dimensional
faces (k—1) and one from above (1) involving higher-dimensional faces
(k+1). Interactions from above involve k + 2 oscillators, and thus for
k>0 interactions are genuinely higher order: they cannot be reduced
to acombination of pairwise interactions. The functional form of the
interactions from below depends on the number and direction of
k-simplices adjacent to each (k - 1)-subface. The interactions include
self-interactions from free subfaces, genuinely higher-order inter-
actions when more than two simplices are adjacent to a subface and

pairwise interactions'.

a Down projection b 1-simplices C Up projection
Bk — o — Bk o
3
(o}
1S
S
©
Q
9]
°
(@]
Time Time Time

Fig. 5| Dynamics of phases associated with k-simplices in simplicial
Kuramoto models. For example, the dynamics of 1-simplices, projected
down to O-simplices and up to 2-simplices. The dynamics of the order
parameter depend on the order of interaction. ¢®, node phase; B, boundary
operator; B¥ , co-boundary operator.

Thetopological Kuramoto model leads to a continuous synchro-
nization transition for any k, as was initially shown through computa-
tional analyses'”. Necessary and sufficient conditions for the existence
and stability of phase-locked states have recently been attained by
writing the model as a gradient flow*.

The topological Kuramoto dynamics exhibit fundamental differ-
ences from the node-based model, revealed through the discrete
Hodge Laplacian L = L + L = B« "B + B*1B* describing the line-
arized dynamics. By the simplicial Hodge decomposition theorem, one
can see that divergence-free and curl-free components evolve inde-
pendentlyviaL,andL,, respectively, whereas harmonic modesremain
stationary'”. Phase coupling is thus possible only when the harmonic
partofthe natural frequencies vanishes and the harmonic eigenvectors
localize along topological holes in the complex, making these struc-
tural features the key drivers of synchronization'®. Without holes the
dynamics freeze, but when present, synchronization evolves along
theselocalized modes. Consequently, global synchronizationrequires
specific topological conditions — such as a single delocalized hole as
found intorus tessellations'® — that are fundamentally different from
the connectivity requirements in standard node-based models.
Alternatively, one can re-define phase-locking in a way that respects
the model symmetries by defining it as a state such that the curl-free
and divergence-free components freeze'*'”1%,

Acentral questionis whether alink exists between topological and
node-based Kuramoto dynamics. Topological Kuramoto dynamics of
order k are equivalent to higher-order node Kuramoto dynamics on
an effective hypergraph in which nodes correspond to the original
k-simplices and hyperedges encode topological coupling'®®. Thus,
the simplicial Kuramoto model can be seen as a particular kind of
node-based Kuramoto dynamicsin which coupling functions depend
ontheorientations of the original simplices and do not vanishwhenall
phases are equal. For simplicial manifolds, these node-based dynam-
ics reduce to the standard pairwise node Kuramoto model. That
said, when the system is originally a simplicial Kuramoto model, the
edge-based formulation often helps analytical treatment by enabling
toolsfromtopology and discrete geometry.Inaddition, the edge-based
formulation enables the study of the topological Kuramoto model as
a general system of higher-order coupled oscillators operating in a
near-resonant regime".

Many variations of these topological Kuramoto models are pos-
sible. There are variants such as the ‘adaptive’ or ‘explosive’ topo-
logical Kuramoto models, which exhibit explosive discontinuous
transitions'””*°°, whereas Hodge-coupled formulations give rise to
bistable regimes of phase and anti-phase synchronization'*. Frustra-
tion may also be introduced via the simplicial Sakaguchi-Kuramoto
model”’ by adding phase lags. Conversely, the dynamics across differ-
entdimensions of the simplicial complex may also be coupled using the
topological Dirac operator D, which has a tridiagonal structure built
from boundary operators that enables crosstalk between signals of
different dimensions. Given that D?=diag(L°, ..., L¥), the Dirac opera-
tor is often viewed as the square root of the (block diagonal) Hodge
Laplacian®*°?, This operator naturally couples node and edge signals
locally, resulting in discontinuous synchronization transitions along-
side the emergence of spontaneous rhythms®®, The Dirac framework
can be extended to couple orders adaptively — including coupling
adjacent orders or global coupling across all orders — in an explosive
Dirac-Kuramoto model**°°,

Apart from synchronization phenomena in topological Kura-
moto networks, dynamical higher-order networks also arise if the
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higher-order interactions are subject to adaptation (see ref. 204 for a
survey onadaptive networks). Onthe one hand, adaptive higher-order
interactionsand how they affect synchronization transitions have been
considered as generalizations of Kuramoto oscillator networks'>%52%,
Onthe other hand, adaptivity?”” of higher-order interactions can also
shape the dynamics of voter models and opinion formation?°%%°? or
multiplayer game dynamics*°.

Outlook

Although a few analytical schemes are in principle designed to tackle
general higher-order networks with interactions of any order, in
practice, most research so far has focused on the investigation of new
phenomenawhen only two-body and three-body interactions are con-
sidered. In recent years, studies on the higher-order Ising model*"*"
and complex contagion®” show that further new behaviours might
emerge when interactions of even higher order (from four-body
onward, for example) are considered. An interesting future direction
istoinvestigate the potential for new collective phenomenaemerging
beyond three-body interactions.

Another promising direction is to study the effect of different
non-pairwise coupling functions. Interaction functions obtained
through phase reduction provide natural classes of interaction func-
tions that link to the dynamics of nonlinear oscillators. From the
perspective in which network dynamics on higher-order networks
are models in themselves, there are a few ‘standard’ coupling func-
tions that are regularly considered for Kuramoto oscillators, but
there is little consensus on what non-pairwise coupling functions
to use for general oscillator dynamics. Even for the symmetric and
asymmetric coupling functionsin equation (1), researchers often pick
one or the other based on technical convenience, and their effects
on collective dynamics are not yet fully understood. In particular, it
remains an open problem to understand which higher-order coupling
functions are better able to support synchronization, what kind of
multistability arise from different coupling functions and whether
new collective phenomena may emerge from the mixture of multiple
coupling functions.

Moving forward, itis also important to improve our understand-
ing of when techniques for pairwise networks can be adapted to
higher-order networks and when they fail. In some cases, straight-
forward modifications of the network approach are possible. These
include multiorder Laplacians for linear stability analyses of synchroni-
zation on Kuramoto oscillators and finding admissible synchronization
patterns via a hypergraph incidence matrix rather than an adjacency
tensor. Inother cases, fundamentally new approaches need to be devel-
oped. For example, the Ott-Antonsen ansatz works for the standard
Kuramoto model, but fails when the symmetric three-body coupling
functionin equation (1) isintroduced.

Although higher-order interactions can yield new collective
dynamical phenomena, these come at the price of additional combi-
natorial complexity. Thus, rather than considering dynamics of any
order, achange of perspective can provide away forward. On the one
hand, it is critical to understand when higher-order interactions are
necessary. For example, for a given dynamical transition, what is the
orderrequired toseethis phenomenon? Answering this question allows
restriction to models of a certain maximal order. On the other hand,
one needs to identify equivalences between different combinatorial
models for network interactions — possibly of different order. Doing
sowillallow researchers to use theright language (for instance, graphs
versus hypergraphs) and coordinates (such as phase-reduced dynamics

versus unreduced dynamics) to analyse the dynamical phenomenon
athand.

Finally,informed by the availability of increasingly richempirical
data, higher-order models of collective dynamics have great potential
to advance understanding in fields such as ecology and neurosci-
ence. In ecology, dynamical systems techniques can give insights
on how higher-order interactions shape resilience and diversity of
ecosytems®*?", In neuroscience, studies of the multiway correlations
between brain signals'”?*** have led to new insights about the inner
workings of the brain.

Code availability

Tofacilitate the study of dynamics on higher-order networks, with this
Review, we release HyperSync, an open-source Python package for the
simulation, analysis and visualization of oscillators with higher-order
interactions, available at https://github.com/maximelucas/hypersync.

Published online: 16 February 2026
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