PHYSICAL REVIEW E 113, L053301 (2026)

Signature of glassy dynamics in dynamic mode decompositions
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Glasses are traditionally characterized by their rugged landscape of disordered low-energy states and their
slow relaxation towards thermodynamic equilibrium. Far from equilibrium, dynamical forms of glassy behavior
with anomalous algebraic relaxation have also been noted, for example, in networks of coupled oscillators. Due
to their disordered and high-dimensional nature, such systems have been difficult to study theoretically, but
data-driven methods are emerging as a promising alternative that may aid in their analysis. Here, we characterize
glassy dynamics using the dynamic mode decomposition, a data-driven spectral computation that approximates
the Koopman spectrum. We show that the gap between oscillatory and decaying modes in the Koopman spectrum
vanishes in systems exhibiting algebraic relaxation, and thus, we propose a model-agnostic signature for robustly
detecting and analyzing glassy dynamics. We demonstrate the utility of our approach through both a minimal
example of a one-dimensional ODE and a high-dimensional example of coupled oscillators.
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Quantitative characterization of glassy behavior is a long-
standing scientific challenge. In material physics, glasses
occur in systems with a plethora of nearly degenerate low-
energy configurations, leading to slow relaxation towards
equilibrium, spatial disorder, and hysteresis. Frustration,
wherein disharmonious interactions prevent system com-
ponents from simultaneously realizing their lowest-energy
configurations, often leads to glassy behavior. Progress has
been made in characterizing the thermodynamics of some
glassy systems such as spin glasses [1,2], but significant chal-
lenges remain, especially in systems far from equilibrium.

Dynamical analogs of glassy behavior have long attracted
interest in oscillatory systems, for example, in the frozen vor-
tex glass of the complex Ginzburg-Landau equation [3,4]. In
networks of coupled oscillators, Daido first detailed a system
[5] in which the dynamics relax toward an incoherent attractor
at a slow, algebraic rate, in stark contrast to the exponential
relaxation typically observed for attractors in dynamical sys-
tems. More recently [6], Ottino and Strogatz revisited Daido’s
model and recognized challenging, high-dimensional features
in the dynamics in the glassy regime and a related and in-
teresting volcano transition [7-9]. In this Letter, we propose a
general strategy to detect glassy dynamics and nonexponential
relaxation using the dynamic mode decomposition (DMD)
[10-15], a data-driven framework for characterizing nonlinear
dynamical systems by approximating the associated, infinite-
dimensional Koopman and Perron-Frobenius linear operators
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[16-27] (see Supplemental Material, Sec. S1 A [28]). DMD
has shown remarkable success in a variety of applied and
theoretical studies [10,11,13,29,30] and is also being explored
in the study of coupled oscillators [31-37]. Such glassy dy-
namics can be hidden in high-dimensional data and might
be easy to miss from conventional analyses, especially if
one lacks a priori knowledge of a good order parameter
with which to quantify the scaling. In these cases, our DMD
analysis offers a principled and system-agnostic way to ex-
tract algebraic relaxation dynamics from high-dimensional
data.

Specifically, we note a key signature of glassy dynamics in
the Koopman spectrum, as illustrated schematically in Fig. 1.
For bounded systems, the Koopman spectrum can be di-
vided into an oscillatory component, whose (continuous-time)
eigenvalues are purely imaginary, and a decaying component,
whose eigenvalues lie in the left half-plane (see Supplemen-
tal Material, Sec. S1B [28]). If a gap exists between the
oscillatory and the decaying modes, the relaxation towards
the long-term behavior will eventually be dominated by the
leading decaying mode with the smallest decay rate —Re(u).
However, if this gap vanishes and there is an accumulation of
decaying modes approaching the oscillatory component, other
asymptotic behaviors are possible.

In the case of a vanishing gap, appropriate scaling between
the mode amplitude and the vanishing decay rate can enable
the cumulative response of exponentially decaying modes to
give rise to algebraic relaxation. For example, Ogielski and
Stein propose to decompose a power law into an infinite num-
ber of exponentially decaying modes [38]. Mathematically,
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FIG. 1. Schematic of Koopman oscillatory (blue) and decaying
(orange) eigenvalues for systems exhibiting exponential (left) and al-
gebraic (right) decay. The signature absence of a gap in the spectrum
allows one to detect glassy dynamics.

they show that the infinite sum P(t) = Y o wy,e " asymp-
totesto P(t) ~t~* — O(e™ ' /t) ast — oo if we set w,,, = 27"
and A, = “(IZT_CC)C’”, where o = 1:;%, >0and 0 <c < 1 are
constants. Thus, observing a similar scaling in the DMD spec-
trum, which approximates the Koopman spectrum, and DMD
mode amplitudes can serve as a principled way to determine
if glassy dynamics are present in the data.

For clarity of presentation, we demonstrate our results first
on an idealized one-dimensional system before focusing in
detail on the high-dimensional Daido glassy oscillator model.
We demonstrate how the glassy signature enables the devel-
opment of a data-driven order parameter characterizing the
transition to glassy behavior based on the distribution of DMD
eigenvalues. Finally, we discuss potential applications and
extensions for other systems.

Our bespoke DMD Python code leverages the dask pack-
age [39], which divides prohibitively large linear algebra
operations into manageable chunks that can be performed
sequentially while efficiently utilizing the available system
memory. All the numerical results and data in this Letter can
be reproduced from our GitHub repository [40].

Dynamic mode decomposition. We first briefly outline the
DMD methods employed in our analyses. DMD gives a matrix
approximation K of the Koopman operator corresponding to a
dynamical system x = f(x), which is the infinite-dimensional
linear composition operator governing the temporal evolu-
tion of measurement functions (see Supplemental Material,
Sec. S1 A [28]). We are interested in the continuous case here,
but data is typically available for a temporal discretization.
The state x here may be a scalar, a vector, or a spatiotemporal
field. We generate multiple solution trajectories x/(¢), indexed
by the superscript j, in an effort to sample the state space
well. In the extended DMD approach [41] that we employ,
we introduce a dictionary of measurements D = {gy, ..., g4}
in which we seek to observe this linear dynamics, where g; :
M — C are observable functions of the state variables and
M is the state space. We consider the evolution of the vector
composed of the dictionary evaluated on the data ﬁ(xj(t)),
concatenated over all trajectories, where the trajectories are
sampled in time steps of size dr. The matrix K is the optimal
linear solution for the time-varying dynamics of the dictio-
nary terms; D(x/(r + dt)) ~ KD(x/(r)). The quality of these

approximations and their convergence depend on how close
the span of the dictionary terms is to a Koopman invariant
subspace [42,43] and on how well the data represents the full
dynamics of the state space [44].

The DMD analysis produces an eigendecomposition of
the matrix K = ®AP~!, where ® = [¢;,, ..., ¢s,] is the
invertible matrix of eigenvectors (whose matrix elements we
will denote by CDf) and A = diag(Aq, ..., Ag) is the diagonal
matrix of eigenvalues, which can be used to approximate
Koopman functions as ¢;(x) = Zk d>§‘ gr(x). We can then
evaluate the time evolution of the mode amplitudes b (1) =
di(x/ (1)), Wh_ich are .expected to evolve exponentially ac-
cording to b](t) = b](0)e"’, where p; =log(x;)/dt is the
continuous-time eigenvalue. If the approximations are good,
the mode amplitudes will indeed evolve exponentially, and the
evolution of the dictionary terms can then be reconstructed as
IACU DM @ib{ (0)e*" where ®! are the matrix elements
of the inverse ®~! (which is also the matrix whose rows are
the left eigenvectors of K). Truncated reconstructions can be
used to significantly compress the data required to represent
the dynamics, provided the fit is good (i.e., the mode ampli-
tude evolution is, in fact, exponential).

The basic version of extended DMD described above
suffers from issues such as spectral noise in practical appli-
cations. To mitigate these issues, we employ two extensions
of the method. First, we use the exact DMD approach [45],
which reduces the numerical dimension of the problem (and
thus reduces the impacts of finite precision) by first projecting
the analysis onto a minimal set of principal modes given
by the singular value decomposition. We also employ the
residual DMD (resDMD) approach [46,47], which evaluates
the quality of each mode through a residual that vanishes for
true Koopman modes. The resDMD analysis also enables us
to evaluate pseudospectra approximating the norm ¢ of the
resolvent of the Koopman operator, which diverges exactly
on the Koopman spectrum. The pseudospectrum can help to
identify neighborhoods close to Koopman eigenvalues even
when the actual Koopman mode does not lie in the span of the
dictionary.

Algebraic decay in a minimal example. We now consider
the DMD analysis in a one-dimensional system given by

0 = —sin(0)°. e

This example clearly illustrates the difference between expo-
nential relaxation (¢ = 1) and algebraic relaxation (¢ = 3).
The only attractor for this system is 6§ = 0. It is easy to show
analytically that the state decays asymptotically according to
O(t) ~e" for ¢ =1 and O(t) ~+~/? for ¢ =3 and that,
under regularity assumptions on the Koopman eigenfunctions,
a gap is present in the Koopman spectrum only in the { = 1
case (see Supplemental Material, Sec. S2 A [28]).

We employ an extended resDMD analysis with a dictio-
nary composed of Fourier-based measurements g;(6) = e'*?
for integers k with —d < k < d (where 1 is the imaginary
unit), which can approximate arbitrary square-integrable 2 -
periodic functions well for large d. We perform the fit with
combined data from 5 trajectories 6;(t) with initial condi-
tions 6;(0)/m = (0.5, 0.4, 0.3,0.2,0.1). We confirm that the
input trajectories for both ¢ =1 and ¢ = 3 can be success-
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FIG. 2. DMD spectrum and pseudospectrum (top panels) and
mode amplitudes vs decay rate (bottom panels) for Eq. (1) with { =
1 (left panels) and ¢ = 3 (right panels). Only in the { = 3 spectrum
do we observe the glassy DMD signature (i.e., an accumulation of
decaying modes approaching the imaginary axis).

fully reconstructed from the initial mode amplitudes and the
approximate Koopman modes (see Supplemental Material
Sec. S2 B [28]), suggesting that our dictionary is sufficiently
expressive.

We turn next to the qualitative features of the DMD spec-
trum in the two cases, as shown in Fig. 2. Since the asymptotic
state for Eq. (1) is a fixed point, there is no oscillatory compo-
nent, and the DMD spectrum consists only of decaying modes
with Re(ut) < 0. As noted above, the algebraically decaying
trajectories are well approximated by a sum of exponentially
decaying Koopman modes, even though any finite sum of
exponentially decaying terms will eventually decay exponen-
tially. This apparent contradiction can be resolved by noting
that the number of terms required in the exact Koopman
representation may diverge provided the amplitudes decay
sufficiently fast and the sum converges, as depicted in Fig. 1.

Indeed, the key difference between the spectra in Fig. 2
is the presence of a gap between the imaginary axis and the
spectrum in the exponential case. When the gap vanishes,
we also observe an associated widening and bulging of the
pseudospectrum around the imaginary axis. Incidentally, we
note that in the study of numerical instabilities, pseudospectral
bulges like the one seen in Fig. 2 have also been related to
algebraic growth [48]. Finally, in the algebraically decaying
case, we observe a scaling between the initial mode ampli-
tudes b{ (0) and the decay rate —Re(w) that enables the sum
of exponential terms to approximate an algebraic decay (see
Supplemental Material, Sec. S2B [28]), in contrast to the
exponential case, where the leading mode quickly dominates.
Algebraic decay in the oscillator glass. We next consider the
generalized Daido model of an oscillator glass proposed in
Ref. [6],

N
0, = wp+J ZA"’" sin (6, — 6,), 2)

m=1

which describes the evolution of N-coupled phase oscillators
with frequencies w, (sampled here from a standard normal
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FIG. 3. Dynamics of three systems of N = 10000 oscillators in
Eq. (2) with various coupling constants and rank, as indicated above
each column. Top panels show oscillator phases vs natural frequency
for the initial conditions for each training trajectory (blue, orange,
and green dots) and the final state (red dots), and bottom panels show
Kuramoto order parameter vs time for each training trajectory. The
low-rank systems (K = 2) exhibit exponential relaxation, while the
high-rank system (K = N) exhibits algebraic relaxation.

distribution), J represents the coupling constant, and A, =
S (= DFu™ul™ /N are the components of a random adja-
cency matrix for a given even integer K > 0. Here, u,({”) are the
components of a K-dimensional random vector with each el-
ement independent and equal to =1 with equal probability. In
the large NV limit, K is the rank of the adjacency matrix. Since
the signs of the adjacency matrix elements are random, the
couplings include both attractive and repulsive terms, leading
to frustration. In the low-rank regime, an interesting volcano
transition has been characterized by a low-dimensional Ott-
Antonsen reduction [49,50]. However, Daido’s glassy states
appear only in the high-rank regime, where no dimension
reduction is available.

We implement an efficient GPU integration scheme to
generate data from N = 10000 coupled oscillators at differ-
ent combinations of coupling constants and adjacency matrix
ranks. Our simulations enable us to investigate larger systems
than previously studied, and we note a few new results about
the large N systems in Sec. S3 A of the Supplemental Material
[28]. Different relaxation behaviors are observed in various
parameter regimes, as shown in Fig. 3. We produce trajec-
tories from three initially ordered states that relax towards
disordered states. These initial conditions consist of identi-
cal initial phases 6,(0) = 0 and initial phases with a single
winding around the circle 6,(0) = £(—n + 2wn/N), where
the oscillator index is ordered by the natural frequencies. The
Kuramoto order parameter

3)

r =

1 N
10,

has traditionally been used to quantify the relaxation. For
low-rank systems with a low coupling strength (left column
in Fig. 3), initial conditions decay exponentially towards an
incoherent state. For low-rank systems above the critical cou-
pling threshold (middle column in Fig. 3), interesting volcano
clusters appear in the final state, but the relaxation remains ex-
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FIG. 4. DMD spectra for the three systems in Fig. 3 with K =2, J = 1.00 (left panels), K =2, J = 1.75 (middle panels), and K = N,
J = 1.75 (right panels). In the top panels, the white dots show nonspurious DMD eigenvalues that pass the resDMD criteria ¢ < 5 x 1078,
black dots show spurious DMD eigenvalues, and blue shading shows the approximate ¢ pseudospectra. Insets show a zoom of the boxed
portions (continuous black lines) near the imaginary axis (dashed black lines). Bottom panels show the mode amplitude |b{ | vs decay rate
Re(u;), with color corresponding to the trajectories in Fig. 3. The spectrum is confined to the imaginary axis in the low rank (K = 2) cases,
but the glassy signature of accumulating decaying modes is present in the high rank (K = N) case.

ponential. Finally, for high-rank systems with a large coupling
constant (right column in Fig. 3), the slow relaxation toward
incoherence follows a power law, exhibiting glassy dynamics.

We can again express arbitrary periodic measurement func-
tions with Fourier basis elements g,,(0) = ¢ L vl for each
multi-index v, € ZV. Indeed, in the uncoupled (J = 0) case,
each Fourier basis element g,, is an exact oscillatory Koop-
man eigenfunction with eigenvalue w,, =1, vy (see
Supplemental Material Sec. S3 B [28]). We base our extended
DMD dictionary on this basis, but the high dimensional-
ity of the state space imposes significant limitations on our
dictionary. We restrict our dictionary to include only some
of the lowest-order multi-indices. To enable us to study the
dependence with increasing dictionary size, we include those
Fourier modes with v, = £md}/, where §; is the Kronecker
delta,n=1,2,--- ,N,andm = 1,2, --- M, leading to 2NM
dictionary terms. We also include a random selection NM of
pairwise terms of the form v, = :l:(cSi”(k) — 3;}(1())’ where i(k)
and j(k) are sampled from all pairs of distinct choices without
replacement, leading to a total dictionary size of D = 3NM
terms. Figure 4 shows our results for the largest dictionary
considered with D = 150 000 terms for the three trajectories
from Fig. 3. Since the attractors are not steady states, we
expect the presence of oscillatory modes in the Koopman
spectra, which we indeed observe in the resDMD approxima-
tions close to the imaginary axis.

Qualitative differences between the results for the expo-
nentially relaxing cases and the glassy, algebraic relaxation
are apparent in the results, but the interpretation is somewhat
confounded by spectral noise in the DMD approximation of
the Koopman spectrum. Nevertheless, we can clearly observe
the convergence of the oscillatory component of the spectrum

to the imaginary axis as the dictionary size increases (see
Supplemental Material Sec. S3 C [28]). Only in the glassy
case with algebraic decay (right column in Fig. 4) do we
see an additional accumulation of decaying modes near the
imaginary axis that do not converge to the imaginary axis
as the dictionary size increases. Indeed, the DMD spectrum
faithfully captures the exponential and algebraic behavior in
the reconstruction of the Kuramoto order parameter,

M) = , “

1., .
> = ®bl(0)e
i,k N

and thus the DMD reconstruction can effectively represent the
glassy dynamics observed in the oscillator system. To avoid
overfitting and to mitigate spectral noise in the reconstruction,
we include only the minimum necessary number of small-
residue modes to reconstruct the Kuramoto order parameter
to a relative accuracy of 1073, with a residue threshold of
e < 5 x 1078 (white dots in Fig. 4).

It is interesting to note that in the nonglassy regimes (left
two columns in Fig. 4), the DMD spectrum does not appear
to include any decaying modes and consists instead of a large
number of purely oscillatory modes. The incoherent summa-
tion of these oscillator modes can nevertheless give rise to
an exponential relaxation towards the incoherent state. This
can occur via the generalized Landau-damping phenomenon
noted previously in the nonlinear Fokker-Planck description
of the Kuramoto system [51], where an analytical continuation
argument reveals “fake” (decaying) eigenvalues responsible
for the decay. (We note an explicit relationship between our
DMD spectrum and the nonlinear Fokker-Planck equation in
the Supplemental Material, Sec. S3D [28].) In the glassy
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regime, on the other hand, we do observe the signature of
a large number of decaying DMD modes accumulating near
the imaginary axis. Crucially, in both the glassy and non-
glassy regimes, we emphasize that the distribution of decaying
modes in our order-parameter reconstruction reproduces the
observed exponential and algebraic decay rates very accu-
rately (see Supplemental Material, Sec. S3 C [28]).

While the asymptotic behavior in the Kuramoto order pa-
rameter has traditionally been used to assess the potential
for glassy dynamics, several issues have become apparent
that have complicated analysis, stymied development in the
literature, and led to contentious and unproductive discus-
sions. Since only finite-size systems can be computationally
simulated, the thermodynamic asymptotic relaxation is only
approximately observed over a finite time window before the
Kuramoto order parameter approaches the finite-size noise
floor. Thus, the exact location in parameter space delimiting
the glassy dynamical behavior has remained obscured. Rather
than using the DMD reconstruction of the Kuramoto order
parameter in Eq. (4), we introduce a new, data-driven order
parameter, which better quantifies the onset of glassy dynam-
ics in the oscillator glass. Our data-driven order parameter n
is simply given by the average negative real part of the DMD
eigenvalues that pass the residual DMD criteria e < 5 x 1078
(i.e., the white dots in Fig. 4),

= —(Re(1i)) s <s5x10-5- o)

While we would prefer to evaluate 1 using the exact Koop-
man spectrum, in practice, we can only calculate the DMD
eigenvalues, which, as noted above, are close to but not ex-
actly equal to the Koopman eigenvalues. Given this source
of spectral noise, some DMD eigenvalues actually appear
to the right of the imaginary axis, implying a “forbidden”
exponentially growing DMD mode in a bounded system. Such
eigenvalues can even pass the residual DMD test as long as
the inverse of their positive real part is small compared to
the time length of the input trajectories. We can thus take
the average real part of those positive DMD eigenvalues as
a crude estimate for the spectral uncertainty for the individual
eigenvalues, which we divide by the square root of the number
of eigenvalues included in the mean and use to construct
random error bounds for the order parameter.

Figure 5 shows the order parameter 7 vs the rank K of the
network for two systems with different coupling constants.
Note that the order parameter n is typically slightly larger
than zero (black dashed line in Fig. 5) even for small-rank
systems. We attribute this nonzero value to systematic errors
in the DMD spectrum due to finite-size effects, including
the fact that the span of the finite dictionary terms does not
exactly contain any Koopman invariant subspaces and the
trajectories only span a finite time. These systematic errors
appear to be conservatively bounded by a window of size
equal to the smallest detectable decay rate 1/7 determined
by the time span of the input trajectories (grey dashed lines
in Fig. 5). It is clear that the order parameter is nonzero for
systems with sufficiently large rank, and, furthermore, that
this onset of the glassy dynamics occurs at a larger rank when
the coupling constant is smaller. Thus, the transition to glassy
decay can be quantitatively delimited using our data-driven
order parameter.
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FIG. 5. Data-driven order parameter 1 vs logarithmic rank
log,,(K/N), signaling the onset of glassy dynamics. Error bars show
the estimated order-parameter random error bounds derived from the
average of the DMD eigenvalues with positive real parts, and the gray
dashed lines show the more conservative finite-size systematic error
bounds.

Discussion. Leveraging a key feature in the Koopman
spectrum (the presence or absence of a spectral gap), the
dynamic mode decomposition and pseudospectral estimates
can be utilized to define a data-driven order parameter for dis-
tinguishing exponential and algebraic dynamical relaxation,
as relevant in the study of glassy systems far from equilib-
rium. Our results support previous findings [5,6] of glassy
dynamics in Daido’s frustrated oscillator model, which were
only established through significant domain expertise and
specialized knowledge of coupled oscillators. While we fo-
cused on Daido’s oscillator glass here for clarity, the approach
of deriving order parameters from DMD spectrum or other
data-driven methods can be relevant to other systems as well,
and we expect it may be fruitfully applied in the study of,
e.g., other disordered systems of oscillators [52] and neural
networks [53,54]. This work contributes to the growing body
of literature utilizing data-driven approaches for qualitative
system characterization [22,30,32,47,55,56].

One central challenge in our approach is the uncertainty
inherent in the DMD estimates of the Koopman spectrum,
which obscures the distinction between the oscillatory and
decaying parts of the spectrum. Future studies would benefit
from better theoretical bounds for quantifying the uncertainty
of the DMD estimates. Bootstrapping or bagging estimates of
the uncertainty may aid in this regard. Finally, we note that
other data-driven techniques, such as applying DMD eigen-
value constraints [57], physics-informed constraints [58], and
sparse system identification [59], could prove useful in future
studies.
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