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To rapidly coordinate collective behaviors in tissues, cells communicate with one another through traveling
fronts of signaling activity called trigger waves. The stimulus threshold for wave propagation is a key biological
parameter that determines when the system produces a global response to a local stimulus. However, it is unclear
how this stimulus threshold is determined by the properties of the underlying signaling network. To address
this gap, we studied a model of trigger waves with a realistic Hill-type autoactivation function. We obtained
an analytic expression for the wave ignition threshold in one dimension (1D) and numerical solutions in 2D
and 3D. In the limit of high sensitivity, we found that the trigger wave threshold depends on both the effective
dissociation constant, Kp, and the effective Hill coefficient, n, of the positive feedback circuit, with the dominant
contribution scaling as K[")/ @=1 in all dimensions. This result leads to a simple method for predicting the trigger
wave ignition threshold from bulk activation data and is potentially of use for developing synthetic trigger wave

circuits with desired sensitivities.

DOI: 10.1103/z7hg-1gxg

I. INTRODUCTION

Populations of cells signal to one another to coordinate
collective behaviors. The secretion and diffusion of messen-
ger molecules is a common mechanism of communication
between cells [1] but is limited by the fundamental scaling of
diffusive transport through the ambient fluid, x ~ «/Dt, where
x is space, t time, and D the diffusion coefficient [2]. For
proteins in water, D &~ 100 um? /s [3], so diffusion over a cell
length of approximately 10 um occurs within a second, but
diffusion across a centimeter-sized tissue takes days [4]. Thus,
coordinating the activity of cells in tissues on faster timescales
requires additional mechanisms.

One such mechanism is the ignition of signaling trigger
waves [4]. Here traveling waves in the concentration of a
signaling molecule (which can be proteins, ions, or other
small molecules) are generated and travel across the system
at constant speed, x ~ ct, enabling cell-cell communication
on millimeter and larger length scales much faster than is
possible by diffusion alone. Examples of trigger waves in cell
signaling include waves of mitosis in developing embryos
[5-7], calcium waves in response to wounds [8], waves in
ERK signaling during tissue regeneration [9], and waves of
coordinated cell death [10]. In addition, trigger waves have
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been predicted to occur in innate immune signaling pathways
such as the TNF pathway [11,12].

Trigger waves arise from a combination of diffusion and
positive feedback loops in signaling pathways that exhibit
bistability [Fig. 1(a)]. Cells can exist in one of two stable
states, marked by a low and a high concentration of an activat-
ing molecule. When one cell gets activated by a local stimulus,
it secretes a molecule that diffuses toward and can activate the
neighboring cell. If the stimulus is sufficiently strong, then
each cell will activate its neighbor in a chain reaction, pro-
ducing a traveling front [Fig. 1(b)]. When additional elements
are added to the signaling pathway, such as negative feedback,
more complex behaviors can arise, including transient pulses
and oscillations [4]. A formula for the wave speed, deducible
up to a prefactor from dimensional analysis, has been known
for over a century [13] and provides a useful estimate for
understanding the role of trigger waves in real systems [4]:
¢ =2,/D/t,, where D is the diffusion coefficient and 7, is
the timescale associated with the positive feedback.

Unlike the wave speed, how the stimulus threshold for
wave ignition depends on the underlying biochemical sig-
naling is much less well understood. This threshold is an
important biological parameter, as it determines when the
system produces a macroscopic, global response to a mi-
croscopic, local stimulus. Especially in contexts such as
coordinated cell death [10] or immune activation [11], global
activation of the tissue via a trigger wave has dramatic physio-
logical consequences and so must be induced with care. At the
same time, individual cells must retain some level of sensitiv-
ity in order to respond to local stimuli. How cells effectively
tune their trigger wave activation threshold to achieve this
balance is unclear. In addition, with continued advances in
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FIG. 1. Trigger waves in cell signaling arise from positive feedback and diffusion of secreted molecules. (a) Schematic of the positive
feedback loop within single cells, which can be activated by an external signal. (b) Schematic of how a localized signal can excite a trigger

wave that propagates across a tissue.

synthetic biology, there is increased interest in designing mul-
ticellular circuits that can be programed to perform specific
functions in spatially structured environments such as tumors
[14]. A better understanding of how to tune both cell- and
tissue-scale sensitivities in bistable signaling networks is cru-
cial for such efforts.

In this work, we study a minimal but biochemically rele-
vant model of bistable trigger waves induced by a point source
stimulus. This model represents tissues and organs subject to
local stimuli such as a single infecting microbe, a single cell
producing a chemical signal, a small wound, or activation of
a synthetic biochemical circuit with optogenetics. Our work
builds on previous works on analytic results for the trigger
wave ignition criterion [15-21]. These previous studies fo-
cused on either general features of the activation threshold
[15] or on models with analytically tractable autoactivation
functions, especially of the cubic form [16-21]. Cubic func-
tions capture the core behavior of trigger wave propagation,
especially in the context of action potentials. However, it is
difficult to map their parameters onto biochemical signaling
networks, which are generally characterized by Hill-type acti-
vation functions [22,23]. Therefore, here we focus on a more
realistic model with a Hill function governing autoactivation,
at the expense of restricting our analysis to time-independent
stimuli (see Appendix E for a detailed comparison of cubic
and Hill models).

The model we investigate here is closely related to one that
was recently studied numerically and was shown to describe
trigger waves in reactive oxygen species involved in ferrop-
tosis, a type of programed cell death [10]. Our model also
represents a simplified version of inflammatory signaling via
the cytokine TNFa, where the lack of negative feedback pro-
duces a state resembling “chronic inflammation” [11,12]. The
bistable nature of the signaling dynamics we investigate here
also have an ecological counterpart called the Allee effect,
where a critical density of organisms is required to success-
fully reproduce [24]. More generally, our work contributes to
a long-standing field of traveling waves in biological systems
[24-32].

This paper is organized as follows. First, we introduce our
partial differential equation (PDE) model and establish some
of its basic properties. Second, to gain intuition, we study
the threshold behavior of a simplified ordinary differential
equation (ODE) model that describes the average behavior
of a well-mixed population of cells subject to a uniform

stimulus. This model represents experiments in which cells
are activated in bulk within a stirred flask. Third, we study
the full model and compute the critical stimulus threshold
required to activate a spatially extended population of cells
with a localized stimulus, analytically in the one-dimensional
version of our model and numerically in the two- and three-
dimensional versions. We find that in all spatial dimensions
the activation threshold scales the same way with the dis-
sociation constant of the autoactivation circuit. This result
leads to a simple method for predicting the trigger wave ig-
nition threshold from straightforward measurements of bulk
activation in well-mixed environments, which may be useful
for understanding when to expect trigger waves to occur in
natural and synthetic signaling systems. As an example of
such an analysis, we applied our results to the inflammatory
cytokine TNFa. Though trigger waves in the concentration
of this molecule have been predicted to occur on theoretical
grounds, experiments have yet to observe such waves, despite
this system exhibiting rich spatiotemporal behavior [33]. Our
results suggest that the stimulus threshold for wave ignition
may be higher than is experimentally accessible, offering a
possible explanation for why traveling waves have not yet
been observed in this system.

II. RESULTS

A. Model definition and basic properties

We begin by considering a reaction-diffusion system de-
scribing the concentration of an activating molecule, u(%, 1),
on a d-dimensional lattice containing many cells [Fig. 2(a)].
We model a generic autoactivating signaling network by
combining an effective Hill function describing the positive
feedback loop with a first-order decay process [10,22,34] cou-
pled in space by diffusion. We consider subjecting one cell,
located at the origin, to a localized stimulus with rate 27 (units
of amount of u per time; the factor of 2 is conventional [19]).
Putting these ingredients together and taking the continuum
limit, we obtain

un
u=DVu+k——r —yu+ 20 18E). (1)
Kj +u
Here D is the diffusion coefficient, k& is the maximum pro-
duction rate, n is the Hill coefficient that sets the sharpness
of the autoactivation circuit, Kp is the effective dissociation
constant that sets the sensitivity of the autoactivation circuit
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FIG. 2. Analytic results for well-mixed activation agrees well with simulation. (a) Schematic of the well-mixed problem. Assuming
uniform stimulation and fast mixing (e.g., a stirred flask), we can ignore diffusion in Eq. (1) and analyze the ODE in Eq. (6) for the average
response driven by an effective stimulus strength per cell, written here schematically as I; see Eq. (6) for details. We seek the critical value of
I that activates the system into its high stable state. (b) The key idea of our calculation is to study the fixed point structure of the activation
function, f(u). Beyond a critical value of the stimulus strength, the system will lose its low stable fixed point and u(¢) will always go to the
activated high state. The fixed points of f(u) are shown in green (stable points filled). (c) Example response for / below (gray line) and above
(cyan line) the critical threshold. [(d) and (e)] Comparison between the analytical and numerical results for the critical threshold, IL',“i“d, as a
function of model parameters. Parameters: in (d), n = 4 and in (e), Kp = 0.01.

(it is the concentration of u at which the positive feedback
becomes relevant), and y is the loss rate, which can be
due to degradation or absorption. The effective Hill func-
tion parameters, n and Kp, describe the response of the full
signaling network—which may include many intermediate
steps—to autoactivation and can in principle be determined
empirically by exogenously varying the concentration of the
activator and measuring the response. The localized stimu-
lus at the origin is described by the Dirac delta function,
8(X), with the prefactor (Leen)? representing the lattice voxel
(see Appendix A for details; keeping track of lattice size is
useful for our comparison to the nonspatial model in Sec.
IIB). We restrict our analysis to parameter regimes where the
model locally exhibits bistability, with low-u and high-u stable
states.

Our goal is to calculate the critical threshold, ¥, that will
trigger a traveling wave solution in Eq. (1) and to understand
how different biochemical parameters influence the trigger
wave threshold. To simplify the analysis, we nondimension-
alize Eq. (1) viau — u/(k/y), t = yt, X — X//D/y. The
resulting dimensionless governing equation is

n

M—n —u+2(lcell)d15(£)’ (2)

du=Viu+
U u Kl’;_i_u

where Kp and (len)?l have been rescaled appropriately.
This model only has three parameters: the dimensionless
dissociation constant, Kp, the Hill coefficient, n, and the di-
mensionless stimulus strength, (Leen)?1. We also define the
activation function

un
S = e~ 3)
and its three fixed points, u; < uy < u3.

As we will see below, the structure of f(u) and the values
of its fixed points—especially u,—determine much of the
behavior of Eq. (1). Therefore, we calculate them here by
setting f(u#) = 0 and solving for u. The low activity state is
trivially #; = 0. To make analytic progress on u, we work in
the limit Kp < 1. This approximation corresponds to a limit
of high sensitivity, where the concentration scale of u that in-
duces positive feedback is small compared to the equilibrium
value of u in the high state. This approximation is reasonable
because Kp generally must be small (< 1) for the system to be
bistable. The intermediate fixed point, u,, satisfies

uy " —uh = Kp. 4)

Since u, is set by Kp, which we take to be small, we conjec-
ture that u, is also small and will check this conjecture with
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a posteriori reasoning. Assuming that u, is small, we can
neglect the u} term and find that

 ~Kj' 5)

plus higher-order terms, which are indeed small for n > 1. By
similar reasoning, the high fixed point, u3, is given by uz ~
1 — K} for Kp < 1. With these fixed points computed, we can
begin to understand the behavior of Eq. (1).

B. Well-mixed analysis

To gain intuition about how the Hill function parameters,
Kp and n, control the nonlinear response of the system, we
begin by studying the mean-field behavior of Eq. (1), describ-
ing the average response of a well-mixed population of cells
[Fig. 2(a)]. To do this, we consider the ODE counterpart to
Eq. (),

n

u=k

Ki+ yu—+2I. 6)
Here all cells are subject to the same driving stimulus of
strength 2/ [units of amount of u per time; defining / as we
did for Eq. (1), with the factor of I scaled out, allows us
to directly compare the spatially dependent and nonspatial
models]. For this system, the critical stimulus threshold for
activation, Icmi"ed, corresponds to the value of / that eliminates
the low-u stable fixed point in Eq. (6) [Figs. 2(b) and 2(c);
Appendix B]. In the low-Kp limit, we use a result for the
discriminant of a special set of nth-order polynomials [35] to
compute this threshold to be

R 1 1 1 nll n
mixed __ _ _ n—1
et = 2 <1 n) <n> K", )

or, in dimensionful units,

[rixed = l(1 - l) <l>"’ (ﬁ)"lk (8)
2 n)\n k/y

(see Appendix B for details). This result agrees well with sim-
ulations over a wide range of parameters [Figs. 2(d) and 2(e)].
Intuitively, this result tells us that decreasing the sensitivity
(increasing Kp) and increasing the sharpness (increasing n) of
the autoactivation circuit make it harder to activate the system.

The key takeaway from our result is the scaling of
the stimulus threshold with K/"~", which describes how
the dissociation constant, Kp, and the Hill coefficient, n, of
the autoactivation pathway combine to determine the nonlin-
ear response of the system. It is interesting to note that the
stimulus threshold inherits its dependence on Kp from the in-
termediate fixed point of the activation function, u; [Eq. (5)].
We next seek to understand if this mean-field behavior also
controls the ignition of trigger waves in spatially extended
systems.

C. Trigger wave ignition threshold

To compute the wave ignition threshold [Fig. 3(a)] in d =
1, we follow the approach of Mornev [15] (recently introduced
to a wider audience in Ref. [21] and also related to approaches
outlined in Ref. [36]), which applies to arbitrary activation

functions with time-independent stimuli in one dimension.
This approach exploits the mapping between stationary so-
lutions of one-dimensional reaction diffusion systems and the
dynamics of a single-particle Hamiltonian system [36]. The
idea is to identify for what values of I do steady-state solu-
tions of Eq. (1) that decay to zero at infinity, u(x — +00) =
u'(x - +00) = 0, cease to exist. In Appendix C, we show
that such decaying steady-state solutions are constrained by
the following relationship between u(x) and its derivative,

' (x) = Opu:
12
u = <—2fduf(u)> : 9)

Drawing this solution set in the u-u’' plane, we see that it
forms a closed curve that starts and ends at (0, 0) [Fig. 3(b),
gray curve]. Traveling along this curve clockwise outlines
the shape of a localized steady-state profile [Fig. 3(c)]. In
contrast, solutions with spatially uniform activation contain
the point (u, u') = (u3, 0), with u3 the high fixed point of f(u)
and «’ = 0 describing a flat activation profile; this solution set
is drawn in Fig. 3(b) as a cyan curve (see Appendix C for
details).

Since the delta function stimulus in Eq. (1) fixes the value
of u’ at x = 0, we can draw this boundary condition as a pair
of horizontal lines in the u-u’ plane [one for lim,_, ¢+ and one
for lim,_,o-; Fig. 3(b), dashed black lines]. As / increases,
these horizontal lines move away from the x axis. The critical
stimulus strength to ignite a wave, I'**¢, corresponds to the
point at which these horizontal lines lift off of the lower
solution branch [indicated by black arrows in Fig. 3(b); this
transition is shown in Figs. 3(c) and 3(d)]. It can be shown
that this point—which corresponds to the apex of the lower
branch—occurs at u = u,, the intermediate, unstable fixed
point of f(u) (see Appendix C) [15]. Therefore, I**® can be
computed by solving the integral

02 12
leenI ™™ = <—2 / du f(u)> . (10)
0

We solved this integral to leading order in the limit Kp <
1, corresponding to a high-sensitivity limit (Appendix C). We
find the trigger wave threshold to be

n—1\'"2 .
lcellI:vave = (n T l) KB_I y (11)

or, in dimensionful units,

n

SN2 kN, D \2
e = (” > <_D> < s ) k. (12)
n+1 k/y y lCell

This result agrees well with numerical simulations across a
wide range of parameters [Figs. 3(e) and 3(f)]; see Appendix F
for our numerical scheme. The key insight from this result is
that the stimulus threshold for wave propagation scales with
Kp in same way as the activation threshold for well-mixed
systems [Eq. (7)], namely scaling as KL';/ =D This identical
scaling behavior leads to some interesting consequences for
experiments that we elaborate below. Before exploring these
consequences, however, we check if this result is robust to
modifications of the model in terms of its dynamics and spatial
dimension.
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FIG. 3. Analytic result for trigger wave ignition criteria agrees well with simulation. (a) Schematic of the spatially extended problem. We
consider a 1D grid of cells that produce and consume an autoactivating molecule, u(x, ). One cell at the origin is subjected to a constant
stimulus of strength /. We seek the critical value of I that ignites a wave of u activity. (b) The idea of the calculation is to study the existence
of steady-state solutions in the u-u" plane. Solutions that decay in space, with u(x — +00) = u'(x — +00) = 0 lie on the solid gray line.
Solutions that are uniformly high in the activated state lie on the solid cyan line. The boundary conditions on u/(x = 0*) are shown as
horizontal black dashed lines. Beyond a critical value of the stimulus strength, /, the boundary condition at the origin can only be satisfied by
the cyan (activated) solution set, corresponding to the onset of trigger waves. The three fixed points, u; < uy < us, of the activation function,
f(u), are shown in green (stable points filled). The critical stimulus value corresponds to the point u'(u, ) on the gray (decaying) solution set. (c)
Example of a local steady-state response for I below the critical threshold. (d) Example of a trigger wave response above the critical threshold.
[(e) and (f)] Comparison between the analytic and numerical results for the critical threshold, 1**¢, as a function of model parameters (/.
absorbed into the definition of 7). For (e) n = 4 and for (f), Kp = 0.01.

Since positive feedback in real signaling circuits does not n/(n—1)

scaling behavior I’ ~ K is robust to the inclusion of

happen instantaneously, but is often mediated through slow
intermediate molecules, we expanded our model to include
such a time delay by coupling the production of u to a second,
slow variable (Appendix D). In this model, the slow interme-
diate variable could represent, for instance, the localization of
a transcription factor to the nucleus [37]. We found that the
scaling of the ignition threshold with K holds true in models
with a time delay, with only the prefactor growing as the delay
gets longer (Appendix D). Therefore, we conclude that the

delayed autoactivation.

To understand how our result for /*'¢, obtained analyti-
cally for d = 1 in the limit K < 1, changes in higher spatial
dimensions, we performed numerical simulations. We found
numerically that the same scaling behavior, [¥*V¢ ~ KZ',/ (=1
also occurs for d = 2 and d = 3 [Fig. 4(a); some noticeable
deviation occurs for d = 3 at larger Kp, indicating that the
small Kp approximation breaks down sooner here]. This em-
pirical observation suggests that the wave ignition threshold
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FIG. 4. The scaling of the trigger wave threshold with K, extends to higher dimensions. (a) Comparison between the scaling prediction of
the critical threshold, I;***°, as a function of Kj, for d = 2 (purple circles) and d = 3 (orange diamonds; /. is absorbed into the definition of
I). The scaling behavior seen in the well-mixed system and in d = 1 (cyan line) holds in higher dimensions for K < 1. (b) Numerical results
for the Hill coefficient-dependent prefactor of ¥, (c) Numerical results for the Hill coefficient-dependent prefactor of ¥ /[™**d ' defined

as g,4(n) in Eq. (14). For (a) n = 4 and for (b) and (¢), Kp = 0.01.

can be written in a universal form for all spatial dimensions:

pve (Ko )7 (DN (13)
‘ k/y Vlgen ’

for Kp/(k/y) < 1. In this expression, the Kp term is our
proposed heuristic based on our analytic results in d = 1
[Eq. (11)] and our numerical simulations for higher dimen-
sions [Fig. 4(a)]. The rest of the terms follow directly from
dimensional analysis. To validate our dimensional analysis,
we obtained numerical solutions of the dimensionful model
in Eq. (1) and computed how 1}**® depends on the diffusion
coefficient, D (Appendix F). We find excellent agreement with
theory I7V*V¢ ~ D?? in all spatial dimensions, indicating that
Eq. (13) provides a useful summary of the the trigger wave
threshold over a wide range of parameters.

An interesting consequence of this scaling behavior is that
the ratio between the wave and well-mixed thresholds can be
written in a surprisingly simple form,

Jvave Ip d

== gd(n)<—> , (14)
Ién ixed lcell

where g,;(n) contains the dependence on the Hill coefficient,

Ip = /D/y is the diffusive length scale, and I is the size

of acell. In d = 1, the Hill coefficient-dependent prefactor to

the wave:mixed threshold ratio, g,(n), is given by

()"
g = —"—, (15)
(=26

which is a decreasing function of n for which g;(2) ~ 4.62
and g;(co) = 2. In higher dimensions, we find numerically
that there is a larger dynamic range of the Hill coefficient-
dependent prefactor of I*® [Fig. 4(b)], which translates to
a larger dynamic range of g,(n) [Fig. 4(c)]. We find that
ga(n=4)~7Tind =2 and d = 3 but takes on larger values
at smaller n with g,(2) &~ 16 and g3(2) =~ 48. However, in

most of parameter space, the dominant contribution to the
trigger-wave-to-bulk activation ratio comes from the ratio of
diffusive to cellular length scales. As we discuss below, this
result suggests a simple method for predicting the ignition
threshold of a trigger wave circuit based on straightforward
bulk measurements of cellular activity.

III. DISCUSSION

In this paper, we studied a reaction-diffusion model of cell
signaling trigger waves governed by a Hill function-based
autoactivation circuit. When this model is bistable, its be-
havior is qualitatively similar to the well-studied Nagumo
equation, d,;u = afu + u(u — 0)(1 — u) [19]. The cubic form
of the activation function in the Nagumo equation has en-
abled a wealth of analytic results, including detailed analysis
of time-dependent stimuli [19,21]. However, in the context
of cell signaling trigger waves, autoactivation circuits are
characterized by Hill functions not cubic functions. The key
difference between the two is that Hill functions can support
higher degrees of nonlinearity than cubic polynomials [22,23]
and also saturate at high input levels. Our contribution in this
paper is to understand the quantitative details of how the wave
ignition threshold depends on Hill function parameters—the
sensitivity, Kp, and the sharpness, n—that describe real bio-
chemical signaling networks [22,23].

Our results have some practical implications for exper-
iments. The ratio of the wave to well-mixed activation
thresholds is a simple function whose value is set primarily
by the ratio of diffusive to cellular length scales, Ip/leen =
/D]y /lcen. Therefore, if one measures the activation thresh-
old in bulk with a population of cells, for example by flow
cytometry [38], then one can make a prediction for the trigger
wave ignition threshold simply by knowing the diffusion co-
efficient and half-life of the signaling molecule. This simple
estimate could be useful for understanding when we should
expect to see trigger waves occur in tissues.
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For example, trigger waves of the proinflammatory
molecule TNFa have been predicted to occur based on the
topology of its signaling pathway and measured parameter
values [11,12]. However, despite exhibiting rich spatiotem-
poral dynamics [33], trigger waves of TNFa have not yet
been observed experimentally (some suggestive evidence in a
similar pathway in fruit flies does exist [39]). One possibility
is that, while the TNF pathway exhibits positive feedback, it
may not have parameter values that support traveling wave
solutions. However, another possibility is that the stimulus
threshold to ignite the wave is higher than stimulus levels
that have been tested experimentally. Using a typical value
for a signaling protein diffusion coefficient, D = 100 um?/s,
an experimentally measured loss rate of y =3 x 1073 s~!
(half-life of ~5 min, due primarily to absorption by cells
[40,41]), and a cell size of 10 wm, we have that the ratio
of diffusive to cellular length scales is approximately 18.
Therefore, as a lower bound, we predict that the trigger wave
threshold is at least 18 times that of the well-mixed activation
threshold in d = 1. This value is comparable to the approx-
imate value of 10 reported in Ref. [11] for a more detailed
simulation of TNF signaling, suggesting that our simplified
model captures the correct order of magnitude of the threshold
behavior in this system. For higher dimensions, this lower
bound on the activation threshold ratio becomes 324 ind = 2
and approximately 5800 in d = 3. Since the stimulus strength,
1, can be interpreted as the initial rate of autoactivator produc-
tion immediately after stimulation, achieving these levels of
fold-change induction is likely difficult for d > 2. However,
whether this is actually the scenario for the TNF pathway is
difficult to say, as this pathway contains important complexi-
ties that are outside of our model.

We suggest that there are two key elements lacking in our
model that constitute natural next steps for this work and
will help make contact with pathways like TNF. First is the
extension to time-dependent stimuli. Especially in the context
of action potentials in neurons, there is a long history of
studying the wave ignition threshold as a function of stimuli
that are localized in time as well as space [21]. Such time
dependence is equally important to consider for cell signaling
responses, which are often dealing with dynamic signals [33].
Extending our analysis to time-dependent stimuli will be an
important direction for future work. Second is the addition
of negative feedback to the model. In the context of action
potentials, negative feedback is a key part of the celebrated
Fitz-Hugh Nagumo model and generates complex behaviors
including oscillations [20,21]. In the context of cell signaling,
negative feedback is also widespread, including in the TNF
pathway, where it produces oscillations of the transcription
factor NF-«B in and out of the nucleus [11,12,33,42]. Nega-
tive feedback was also found to be important for tuning the
bistability of a programed cell death signaling network that
supports trigger waves [10]. It would be interesting to see if
the scaling behavior of our results derived here holds with the
addition of negative feedback.
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APPENDIX A: DERIVING A CONTINUUM MODEL
OF IMMUNE TRIGGER WAVES

Consider a one-dimensional lattice of cells of size . in-
dexed by position i that produce an autoactivator « in response
to a stimulus 2/ at the origin and in response to itself,

n

1
—yu; + 2180+ ;(”Hl + w1 — 2u;),
(AD)

1
Kp +ul

1

with 7 the timescale of molecules of u hopping between lattice
sites. On taking the continuum limit, we obtain

un

du=Ddu+k
' S T

—yu+2lenl5(x), (A2)
where u(x, t) is a continuous field and the diffusion coefficient
D= lc2e|| /T. The factor of /..y in the stimulus term comes from
turning the Kronecker delta into the Dirac delta function in
the continuum limit. In d spatial dimensions, the § function
acquires a prefactor of (I.)¢, as is required by dimensional
analysis.

APPENDIX B: WELL-MIXED ANALYSIS

For analyzing the behavior of a well-mixed population of
cells, we consider the following ordinary differential equation,
which contains only the reaction terms of the reaction-
diffusion model in Eq. (2):

u}’l

“xprw T

u u(0) =0. (B1)
As explained in the main text (Sec. Il A), (B1) permits three
fixed points: one unstable and two stable, where the stable
node of lower value is termed the “low” state and of higher
value the “high” state. We seek the critical value [ = [™*d,
that drives u to its high state. Since we always have the initial
condition u(0) = 0, we can simply ask what value of I causes
us to lose the low stable fixed point, forcing the system to
flow to the high fixed point. As in the main text, we work in
the “high-sensitivity” limit Kp < 1.
Setting i = 0, we get the polynomial

—u"™ (120" — Kpu + 21K} = 0. (B2)
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To identify when this system loses its low stable fixed point,
we must compute the value of 7 that causes this polynomial
to go from three to two unique positive real roots, due to the
lowest two roots merging. In the main text Sec. IT A, we show
that the second largest root is approximated by Kg/ =D for
Kp « 1. Since Kg/("fl) will also be small when Kp is small,
we can simplify the problem by dropping the highest power in
u. Rearranging a bit, we have

o Kb . 2K}
u — u =
120 1+21

So now we want to know when this polynomial goes from
having two unique positive real roots to one.

Applying Descarte’s rule of signs [44], (B3) has either
two or zero positive real roots. Therefore, we are looking for
when the two roots become degenerate. A polynomial will
have degenerate roots when its discriminant is zero. While
computing discriminants for general n-degree polynomials is
intractable, our trinomial form (B3) has an explicit expression
for the discriminant.

Theorem 1 from Ref. [35] states that for a general trinomial

(B3)

X+ c1x* + ¢y, (B4)

the discriminant is given by

n(n—1)

Dy =n"(—1)"7 !

n—k k4
# non K\ 4 [k\4
x| = (=Dicf{1-= - , (BS)

where d = ged(n, k). In our case, k = 1, s0d = ged(n, 1) =
I and ¢; < 0. The term in brackets determines when Dy = 0,
which simplifies to [with ¢;, — —c; for notational consistency

with (B3)]
- 1\ /1)
Cy) = Clnil <1 — ;) (;) . (B6)

Substituting for ¢; and ¢, from (B3), we get
1
e 1 I\ =
2I1(1 + 21)1 = (1 - —) (—) K. (B7)
n n

Dropping the (1 4 2I) term, we arrive at the critical well-
mixed activation threshold,

mixed 1 1 1 ﬁ =
s 1 L | G B (BS)

Restoring dimensional units, we get the final result,

mixed 1 1 1 ﬁ KD ﬁ
red = (- =) (= =2) k(B9
2 n)\n k/y

Higher-order contributions to I™*% can be calculated; we do
not pursue this here, as the leading-order result appears quite
accurate [see Figs. 2(e)-2(g) of the main text].

APPENDIX C: TRIGGER WAVE IGNITION THRESHOLD
The nondimensionalized model in d = 1 reads

du = d2u+ f(u) + 21 8(x), (CD)

with

—u (C2)

(for simplicity, we absorb the factor of /. into our definition
of I). Our goal is to calculate the critical value of I that
ignites a trigger wave. We follow the result of Mornev [15],
mentioned more recently in Ref. [21] and also related to
approaches outlined in Ref. [36]. This result says that, for any
bistable f(u) with three fixed points, u; < u < us, the critical
value of [ is given by

0 1/2
e = (—2/ f(u)du> . (C3)

We derived the fixed points u; and u, in the main text
Sec. HA (u; =0, up ~ Kg/ =1y and will compute the inte-
gral below. Before proceeding with the calculation, however,
we give a brief sketch of the derivation. Mornev’s original
work is in Russian, which none of the present authors can
read. Therefore, we give here our own derivation of Eq. (C3),
which we believe is related to the original paper.

1. Deriving Mornev’s result

The idea of this approach to is to study when steady-state
solutions of Eq. (C1) that decay to zero cease to exist. In the
steady state, we have

W' = —fQu) — 2I8(x). (C4)

We approach the analysis by rewriting this equation as two
first-order equations,

u =, (C5)

vV = —f(u), (Co)

and replacing the delta function stimulus with a boundary
condition on v(x) at x = 0. This system exhibits a constant
of motion, or “energy,” given by

2
E= > +U(u) (&)

with potential function

Uu) = /udsf(s). (C8)
0

Here “constant of motion” means a function that is constant
along the profile of the solution in space. Therefore, we can
construct solutions with particular energy values using the
relation

W = 2(E — U(u)). (C9)

We are only interested in solutions with zero flux at x —
Fo0. For solutions that decay to zero at x — 400, in the
u-u’ plane the solution sets asymptotically approach (u, u') =
(0,0) (Fig. 3). Since U(0) =0, the only value of E that
contains (u, ') = (0,0) is E = 0. Thus, we conclude that
steady-state solutions that decay to zero are defined by the
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relation

(C10)

W=[-2 / fuydu.

In Fig. 3(b) of the main text, we plot this solution set in the
u'-u plane as a solid gray curve. It consists of a closed curve
that starts and ends at (u, ') = (0, 0) (a homoclinic orbit). In
a similar way, we can find the set that corresponds to solutions
that contain (u, u") = (u3, 0), which correspond to solutions
with uniform high activity [u3 being the high fixed point of
f(w)]. This solution corresponds to E = fo'” f(uw)du. We plot
this solution set in Fig. 3(b) as a solid cyan curve. Finally,
since the delta function stimulus term enforces a boundary
condition on #'(0), it can be drawn as horizontal lines in the
u-u’ plane [dashed black lines in Fig. 3(b)].

By visual inspection, we see that for a critical value of
the stimulus strength, /, the horizontal lines representing the
boundary condition will lift off of the gray solution set cor-
responding to decaying solutions, leaving only the uniform
high-state solution in cyan being a possibility. This transition
corresponds to the onset of trigger waves. The transition point
can be computed since it is the apex of the decaying solution
curve, so occurs at the maximum of the function Eq. (C10).
Differentiating Eq. (C10) once, we recover the fact that u” =
—f(u), and so observe that the apex of the curve occurs at
u = uy. Evaluating u'(u;), we arrive at the critical gradient at

the origin,
u
W= [-2 [ sandu
uy

The last piece is to note that having a stimulus strength of 2/
creates a gradient at x = 0 of magnitude / on either side of the
origin (hence the factor of 2 in the definition of 7). To see this,
consider integrating the steady state of Eq. (C1) across a small
region (—A, A) around the origin and taking the limit A —
0. The reaction term f(u) is continuous across the origin, so
does not contribute. We are left with a jump condition on the
gradient:

(C11)

W) — ' (07) = =21, (C12)

where 0F represents the limit of x — O from either the right
or the left. By symmetry, ' (07) = —u/(07), so we have on
each side of the origin a gradient with magnitude /. With this
last piece, we arrive at Mornev’s result Eq. (C3).

2. Computing the integral in (C3)
For the integral

n/(n—1)
KD/ u"
du on o ul,
0 KD + u

since Kg/ =D « Kp for Kp < 1, we can approximate the
integrand of the first term by its small-u behavior (as u is only
being integrated up to a small number) and find

u" K-y t!
/du ~ D .
K5 +ut n+1

(C13)

(Cl14)

(a) modeling time delay in
positive feedback
¥ N

(c) time delay does not affect scaling of wave
ignition threshold, only the prefactor

u w 0 —€=0.01
i -1 OOOO
slow rate, € ~10 o 5—£=0.03
3 OOO © ©
(b) example circuit S 0 OOO —g=1_0.
Qv 2 \__analytic
g,107° (€=)
cytoplasm -

nucleus

u ’W

concentration scale
of positive feedback, Kp (a.u.)

FIG. 5. Time delay in the positive feedback does not impact
the scaling of the trigger wave threshold with Kp. (a) Schematic
of the model. The positive feedback loop in u activation is medi-
ated through a slow intermediate, w. The time delay is controlled
by the dimensionless rate, €. (b) Example signaling network that
implements the model. The secreted signal, u, induces the nuclear
localization of a transcription factor, w, which in turn activates pro-
duction of u. (¢) Numerical results for the trigger wave threshold
in 1D for various values of €. The analytic result for the model
with only u (cyan line), which corresponds to € — o0, agrees well
with simulations down to € = 1. For smaller €, the scaling with Kp
remains unchanged, but the prefactor grows. In these simulations, the
Hill coefficient was n = 4.

Including the linear term from (C13), we obtain

ng/(nl) d u" 1 K% 1Kn2T”1
U\ —— —u| = - =
0 Kj +ut n+1 P 27D

1 2
= — — | K Cl15
(n +1 2) b (€15
Substituting into (C3), we get
n— I\

e = K, Cl6
¢ (n + 1) b (C16)

and converting to dimensional form, we have

—1\"?/ Kp \* [D
e = <" ) (—D> Zk (C17)

n+1 k/y y

APPENDIX D: MODEL WITH TIME DELAY

Real cell signaling networks exhibit time delays that can
qualitatively affect the resulting dynamics. To assess the im-
pact of such a delay on the scaling behavior of the trigger wave
ignition threshold, we extended the model in Eq. (C1) to in-
clude an intermediate signaling molecule, w(x, ). We assume
that w is not secreted but only functions inside each cell as a
rate-limiting step of the autoactivation circuit [Figs. 5(a) and
5(b)]. The extended model is

n

w
3;14 = szu —+ kuﬁ — Yul + z(lCell)dIB(x)
ptw

8zw = kwu — YuW, (Dl)

where we have introduced distinct production and loss
rates for u and w. We nondimensionalize this model in a
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similar manner to the original: t — y,t,x — x/s/D/y,, u —
u/(k,/v.), and new for this model, w — w/(kyky/VwVu)-
With these choices, the model in dimensionless form reads

n

du=Viu+ — u+ 2(Len)?18(x)

Kp + w"
ohw =¢€(u—w), (D2)
with € = y,,/y, setting the timescale separation between u
and w dynamics and K and /.. now rescaled accordingly.

We numerically tested how the time delay, encoded by the
dimensionless parameter €, alters the scaling of the trigger
wave ignition threshold, IY*¢. We found that 1'**° followed
the K}Y/" scaling of the u-only model for all values of €
tested [Fig. 5(c)]. Only the prefactor was affected. Our ana-
lytic result, which corresponds to the limit ¢ — oo, such that
w = u, agrees well with simulations down to € &~ 1. There-
fore, we conclude that our results for a simplified, one variable
model [Eq. (C1)] can be used to understand the qualitative
behavior of more complicated models that include a time
delay in autoactivation.

APPENDIX E: RELATION TO A CUBIC MODEL

In this Appendix, we elaborate on the relationship between
the Hill function model studied in this paper and the more
popular cubic activation model,

du = 32u + fi(u) + 2I8(x), (E1)
with
fi=uw—0)1—u)=—u’+1+60)u>—06u.  (E2)

This model is sometimes called the Nagumo equation, being
the fast subsystem of the FitzHugh-Nagumo equation. Its
ignition criteria was studied in detail in Ref. [19], including
time-dependent stimuli. The parameter 6 sets the threshold of
the positive feedback, so it plays a role analogous to K, in the
Hill function model.

We briefly sketch out a calculation of activation thresholds
for the cubic model here. Recall that the starting point is to
identify u,, the intermediate root of the activation function.
The factorized form of f3(u) allows us to trivially read off that
up = 0 (this factorized form also guarantees bistability for all
values of 6, unlike the Hill function model, which can become
monostable for large Kp). To find the well-mixed activation
threshold, we compute when the function

B+ (1 +0)u* —0u+21=0 (E3)

goes from having three to two roots. Since our goal here is
simply to compare the scaling behavior of this model with the
Hill function model, we work in the 6 <« 1 limit, which allows
us to simplify by dropping the cubic term. We then solve for
when the discriminant of the resulting quadratic polynomial is
equation zero, finding

. 92
med T (E4)

To find the trigger wave ignition threshold, we compute the
integral in Eq. (C3) and find that
wave 93/2

I Nl (ES)
Notably, the well-mixed and wave activation thresholds scale
differently with the threshold parameter 6—the former scaling
as 62, the latter as 63/>—whereas in the Hill function model,
both scale as Kg/("fl).

To understand this qualitative difference between cubic and
Hill function models, we can construct a Hill function model
that is close in spirit to the cubic model. Since we work in
the limit of Kp <« 1, and we found that u, ~ Kg/(”_l) < Kp
for small Kp, we can approximate the Hill function by an
appropriate polynomial:

u u n u 2n
flu) = i+ —ux (K_D> - (K_D> —u. (E6)

For n = 2, this function becomes

~ u 2 u 4
o)) w

which resembles the cubic model, but with a u* saturating
term instead of u’ (recall from our calculations above that
the large u behavior of the activation function, governed here
by the u* term and by the u® term in the cubic model, is
unimportant for the threshold behavior; the important feature
to match is the #?> term that governs the nonlinear positive
feedback). To compare directly with the cubic model, we can
rewrite this equation as

Loy, o 2
f(u) = —<—ﬁu +u —KDu). (E8)
D D

Then, we redefine § = K3. Comparing to Eq. (E2), we see that
to leading order in 0 the Hill model with n = 2 resembles the
cubic model with an overall prefactor of 1/6:

fu) ~ l(—lu“ +u? — eu) (E9)
o\ 6 '

This mapping between models tells us that to understand
the different scaling behaviors in the Hill function and cubic
models, we need to understand how the well-mixed and wave
activation thresholds behave when the function f3(u) is scaled
by a factor of 1/0. The well-mixed threshold is determined
by the discriminant of the polynomial in (E3). Working to
quadratic order in u, let us write the activation function (E2)
in general terms as

f3(u) ~ au® — bu. (E10)

Under a scaling transformation f3(u) — (1/0)f3(u), the co-
efficients a and b are both scaled by 1/6. The discriminant of
the polynomial

au® — bu + 21 (E11)
is

A =b* —8al. (E12)
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As above, the well-mixed activation threshold is the value of

I such that A =0 or
. b?
[rmixed — 5 (E13)

Under the scaling transformation

[w) — (1/6)f3(w), (E14)
I™xed therefore also transforms as
I — (1/0)1m, (E15)

In the cubic model, I™**¢ ~ 92, So, for the Hill function
model, which we deduced corresponds in essence to the cubic
model with f3(u) — (1/60)f3(u), we expect

[mxed ~ g ~ K2 (E16)
agreeing with our result of 1™*¢d ~ K7/~ with n = 2,

Now we consider the wave activation threshold. We previ-
ously showed that

uy 1/2
e (- [ adurw)
0

[Equation (C3)]. So, under the scaling transformation
f3(u) — (1/0)f3(u), the wave activation threshold transforms
as

(E17)

wave —1/2 ywave
'™ — 97/ 1",

(E18)

For the cubic model we have [Y*'¢ ~ 632 so for the Hill
function model we expect

'™~ ~Kp, (E19)
agreeing with our result of 1Y ~ K"~V with n = 2.

Through this analysis, we see that the difference in scaling
behavior of activation thresholds between the cubic and Hill
function models arises from how the threshold parameter (6
for the cubic model and K for the Hill model) enters the acti-
vation function. Aside from this parametrization difference,
the models are qualitatively very similar in their activation
behavior.

APPENDIX F: NUMERICAL SCHEME

We solved the PDE Eq. (C1) using the Crank-Nicolson
method with an adaptive timestep implemented in Python,
building on the diffrax package [45]. Our simulation code,
along with code for reproducing the figures of this paper, is
available [43]. For the PDE, we approximated the Dirac delta
function using a Gaussian of width equal to half of the grid
spacing. For the ODE model, we used the same solver but
had a grid with a single grid point. For our verification of

numerical tests of scaling theory from
dimensional analysis

O numerics

4 oo
10 —— scaling theory: d=3
— |wave_ pa2
2 —
mﬁ 10 =2
g
(S
~ 0
’ @/e/e/e/e/@ -

10° 10’ 10°
diffusion coefficient, D (um?/s)

FIG. 6. Verifying scaling theory predictions based on dimen-
sional analysis through dimensionful numerics. Circles are numerical
results for 1**¢ /k versus the diffusion coefficient, D, computed using
the dimensionful model Eq. (A2). Here k is the production rate as-
sociated with positive feedback, so the ratio I** /k is dimensionless
and expresses the ratio of the production of the autoactivator that
comes from the external stimulus versus from positive feedback.
Lines are the predictions of dimensional analysis, [¥*¢ ~ D2, We
fit the intercept of a line with slope d/2 to the log-transformed
quantities. Error bars represent the final bounds of our binary search
optimization algorithm for empirically finding the value of / that
leads to wave ignition (e.g., the true critical value lies within the
error bars). Parameters: n = 4, y = 0.23/min, k = 1 a.u./min, and
Kp/(k/y)=0.01a.u.

the scaling predictions from dimensional analysis (Fig. 6), we
directly solved the dimensionful model [Eq. (A2)].

To numerically determine the activation thresholds in sim-
ulations, we performed binary search. For a given stimulus
strength, we integrate the model to a steady state, which is
considered activated (unactivated) if mean u over the spatial
domain is greater (less) than 0.5. We initialize with lower
and upper bounds for the critical stimulus, first checking their
steady states, and extended the bounds if necessary. Then we
evaluate activation using stimulus strength at the midpoint of
the bounding interval. If this midpoint results in an activated
(unactivated) steady state, then it becomes the new upper
(lower) bound. This step is iterated until the size of the bound-
ing interval is below a tolerance, and the midpoint is taken as
the estimated activation threshold. Error bars for the activation
threshold are then given by the lower and upper bounds at
the final iteration. Simulations were run on a custom-built
computer with an Intel Core 19 11900K processor and 128
GB RAM running Ubuntu 20.04.
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