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Anomalous scaling in redirection networks
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In networks that grow by isotropic redirection (IR), a new node selects an initial target node uniformly
at random and attaches to a randomly chosen neighbor of the target. The emerging networks exhibit leaf
proliferation, in which the number of nonleaves scales sublinearly as N* and the degree distribution has an
algebraic tail with exponent 1 + w. To understand these mysterious properties, we introduce a class of models
with redirection to leaves whenever possible. The resulting networks exhibit qualitatively similar phenomenology
to IR networks, but avoid the inherent nonlocality of the IR growth rule. These networks admit an analytical
description of the leaf degree distribution, from which we extract the exponent .
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I. INTRODUCTION

In the rich zoo of complex networks, two models stand
out for their simplicity and richness: random recursive trees
(RRTs) [1-5] and preferential attachment (PA) networks
[6-11]. In RRTs, new nodes sequentially join the network
by attaching to preexisting nodes uniformly at random. In
PA networks, new nodes attach to preexisting nodes with a
probability that is an increasing function of the degree of
the target node. The case where the attachment probability
increases linearly with the degree of the target is especially
popular because this rule leads to scale-free networks where
the degree distribution decays algebraically with a nonuniver-
sal exponent.

An unexpected feature of PA networks is that it is not
necessary to know the entire set of node degrees to deter-
mine where a new node should attach. The mechanism of
redirection [12—-17] provides an algorithmically efficient way
to generate preferential attachment by a simple and local de-
formation of the RRT growth rule. This redirection algorithm
gives PA networks that grow by both linear [13] and sublinear
[18] preferential attachment. Thus, a purely local growth rule
implicitly encodes the global information that is ostensibly
needed to construct PA networks.

Redirection has even more intriguing consequences for
undirected trees grown by the following rule:

(1) Select a preexisting node uniformly at random.

(2) Attach to a random neighbor of the selected node.

This rule is known as isotropic redirection (IR); see Fig. 1.
Redirection-based mechanisms are akin to several real-world
network formation processes; for instance, in citation graphs,
an author may cite a paper found in the bibliography of
another paper [19]; in social networks, a significant tie may
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form via a weak-tie intermediary acquaintance [20]. Here-
inafter, we assume that each new node attaches only to a
single preexisting node, so that the resulting network is a
tree. This isotropic redirection rule leads to highly modular
trees in which almost all nodes are leaves (nodes of degree
1), while the number C of ‘core’ nodes (nonleaves) scales
sublinearly with the total number of nodes N: C = O(N"),
with u & 0.566 [15]. Moreover, the degree distribution of the
core nodes is extraordinarily heavy-tailed:
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where N; is the number of nodes of degree k > 2. The expo-
nent value u ~ 0.566 seems paradoxical because a power-law
distribution with exponent 1+ pu < 2 has a diverging first
moment, whereas any tree obeys the structural constraint
Zk>1 kN, = 2(N — 1) [1], implying a constant average de-
gree. This apparent contradiction is resolved by the fact that
the number of core nodes of any degree scales sublinearly
with N; that is, Ny ~ N*, with exponent shifted by one from
the degree exponent. Since the number of leaves N; is N; =
N —C =N — O(N"), we have

N N N N#
Zka=N1+Zka~N+Zk7 ~N,
k=1 k=2 k=2

so that (1) is indeed consistent. This behavior of the de-
gree distribution dramatically contrasts with typical sparse
networks in which the degree distribution is extensive, Ny ~
N/k' withv > 2.

In spite of the algorithmic simplicity of the IR growth rule,
analytical progress has been stymied by its nonlocal nature.
Namely, the probability w; to attach to a given node i depends
on the degrees of all its neighbors:

2)

1
w; X —,
3

where k; is the degree of node j, and j ~ i denotes the neigh-
bors j of node i. Because of this nonlocality, determining the
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FIG. 1. Illustration of isotropic redirection (IR). A new node
(purple circle) selects a preexisting target node (blue) uniformly at
random (dashed line). The new node attaches (solid line) to one of the
neighbors of the selected node (orange circles) uniformly at random.

degree distribution requires the joint degree distribution Ny y/,
which, in turn, requires higher-order degree correlations, etc.
What is known rigorously about this model is that the fraction
of leaves approaches 1 as N — oo [21] and that u < 0.9 [22].

In this work, we avoid the complications caused by the
nonlocality of the IR growth rule by introducing closely
related growing network models that turn out to have qualita-
tively similar phenomenology to the IR network. In particular,
we consider models in which redirection from nonleaves
is only to leaves, hence avoiding any considerations of de-
gree correlations. These models are analytically tractable via
approaches recently developed in the context of growing un-
labeled trees [23], leaf-based growth models [24], and the
PA tree [25]. An essential aspect of these approaches is to
consider the leaf degree of nodes, i.e., the number of leaves
that a given node is attached to [26,27]. In particular, we
derive and solve recurrences for how the distribution of leaf
degree evolves under network growth, akin to conventional
considerations of the degree distribution.

In Sec. II, we introduce models of growing trees with leaf-
based redirection mechanisms. In Sec. III, we analyze these
models, including analytical determination of the exponent p
that controls the sublinear core growth and degree distribution
tail. In Appendix A, we estimate the asymptotic behavior of
the core-size distribution by calculating the probability of star
graphs and line graphs. In Appendix B, we discuss an extreme
version of one of our network models that exhibits quite pecu-
liar phenomenology, at the boundary between anomalous and
nonanomalous scaling. In Appendix C, we present a toy two-
population model that mimics some of the essential features
of the growing network models, providing further insight into
the absence of self-averaging in the network models.

II. MODELS

To define our models, it is useful to partition the network
as shown in Fig. 2. Leaves (green) with degree 1 form the
network periphery. Attached to leaves are rank-1 nodes (blue);
by definition, rank-1 nodes are a distance of 1 from the
periphery. We define the nucleus of the network (red outline)
as nodes that are more than a unit distance from the periphery;
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FIG. 2. A tree of 41 nodes that consists of 24 leaves (green),
seven rank-1 nodes (blue), and N = 10 rank >1 nodes (red) that
comprise the nucleus. The nucleus plus rank-1 nodes form the core
of C = 17 nodes (within the blue outline).

these are nodes with rank > 1, also known as protected nodes
[28,29]. The nucleus and rank-1 nodes together comprise the
network core (blue outline). In terms of this picture, we define
the following network growth models.

Direct attachment to the nucleus (DAN):

(1) If aleaf is selected, attach to its rank-1 neighbor.

(2) If arank-1 node is selected, attach to its leaf.

(3) If a nucleus node is selected, attach to this node.

Prohibited attachment to the nucleus (PAN):

(1) If aleaf is selected, attach to its rank-1 neighbor.

(2) If arank-1 node is selected, attach to its leaf.

(3) If anucleus node is selected, reject this event.

Both processes resemble the IR growth rule, with two
modifications: In rule 2, redirection from rank-1 nodes is
always to leaves in both the DAN and PAN models, whereas
in IR, redirection is isotropic among all neighboring leaves
and core nodes; in rule 3, the attachment does not involve
redirection. In both the DAN and PAN models, if a nucleus
node is initially selected, redirection to a neighboring node
is not allowed; instead, it undergoes direct attachment (DAN)
or rejects the event (PAN). In the IR model, redirection from
a core node can be to another core node; this is the process
that leads to higher-body correlations in the underlying rate
equations for the IR model. Because core-to-core redirection
is forbidden in both the DAN and PAN models, they turn out
to be analytically tractable while still exhibiting qualitatively
similar behavior to the IR model.

The DAN and PAN models can be subsumed into a general
class of models that we term variable attachment to the nu-
cleus VAN(w). Here, nucleus nodes are assigned a weight o,
and all other nodes have a weight of 1. For leaves and rank-1
nodes, the redirection mechanism is exactly the same as in the
DAN and PAN models. If a nucleus node is selected as the
target, which happens with probability w/(wN + N — N),
where N is the number of nodes in the nucleus, the new node
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TABLE 1. Basic network observables.

total number of network nodes

number of nodes in the core of the network
number of nodes in the nucleus of the network
number of nodes of degree k

number of nodes of leaf degree ¢

FERE

attaches to this target. The DAN model corresponds to w = 1,
and the PAN model is recovered when @ = 0. In the extreme
case of w = oo, each nucleus node that arises is immediately
attached to in the subsequent growth step, becoming rank-1.

Table I summarizes the basic network observables of the
models defined in this work. These include the aforemen-
tioned N, C, NV, and Ny, but also M,: the number of nodes
of leaf degree .

Networks that are generated by the IR, DAN, and PAN
mechanisms are indeed similar to one another in appearance
and in structural details (Fig. 3). They also have strik-
ing qualitative similarities to some real networks, e.g., the
transcriptional regulatory networks observed in Ref. [30].
Networks from these models exhibit the following essential
features:

(1) Leaf proliferation: Almost all nodes are leaves, while
the remaining core of the network grows as

C=N—N; ~N", 3)

with u < 1.

(2) Non-self-averaging of C: The size of the core is
broadly distributed. For N,C — oo, with z = C/(C) finite,
the probability distribution of core size Py (C) approaches the
scaling form

Py(C)=(C)"'P(2), z=C/(C). )

Similar non-self-averaging holds for the variables N, (k > 1),
M, (¢ > 0),and \V.

(3) Algebraic decay of N, and M,: The average values of
N; and M, satisfy

(a) (b)

(Ni) ~ NtE—H,
(M) ~ Nk,

k> 1,
2> 1, (5)

for the same exponent u < 1 as in (3). The equality of the
degree and leaf degree tail exponents is a consequence of the
leaf proliferation phenomenon.

Our main results determine the exponent w: for the DAN
model, we show that u is the root of the transcendental equa-
tion

1
1—p?= / dxx* !, (6a)
0

while for the PAN model, we show that p is instead deter-
mined by

1
l—p =f dxx* 1. (6b)
0

The numerically exact values for the exponent p are ob-
tainable by the solution of (6). To six decimal places, the
values are u ~ 0.771 192 (DAN) and p =~ 0.549 735 (PAN).
Additionally, we determine the tail behavior of the scaled
distribution of core size (4), namely,

P)~z T/ 70, (7a)

while for z — oo

V=1 7

DAN
—IHP(Z) ~ {Zl/(lm ( )

(PAN), (7b)

as derived in Appendix A. Furthermore, this work clarifies the
nature of self-averaging in these models: ratios of the form
N/C, My/C (£ > 0), and N;/C (k > 1) are asymptotically
self-averaging—approaching nonrandom limiting values, de-
noted qo, q¢, and cg, respectively—despite the absolute
quantities in the numerators and denominators being non-self-
averaging.

III. THEORETICAL ANALYSIS

In this section, we establish recurrences for the leaf degree
distributions of the models introduced in Sec. II, resulting in
the implicit formulas (6) for the anomalous exponent p that
quantifies the core size growth and the degree distribution
tail. The variables of interest are A/ (the number of nodes

(c)

FIG. 3. Random trees grown by: (a) the IR model, (b) the DAN model, and (c) the PAN model. Node colors are as in Fig. 2.
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FIG. 4. Illustration of self-averaging for the nucleus-to-core ra-
tio. The scaled probability distribution P(N/C) for the ratio of
nucleus to core size for a given network realization N'/C as a func-
tion of the number of nodes N. The distribution converges to a delta
function that is located at the deterministic value go,. Shown are data
for the DAN model (upper panel) and the PAN model (lower panel).

in the nucleus), N = N — C (the number of leaves), and M,
(the number of nodes with leaf degree ¢, for £ =1,2,3,...).
Nodes with leaf degree zero consist of nodes in the nucleus
and the leaves themselves, so that My = N; + N. Thus, the
quantities (Mo, N1, N') are not all independent, and we can
choose any pair of them to characterize the network. We
choose (N1, ), together with M, for £ > 0, as the fundamen-
tal variables in what follows. It will also be useful to exploit
the sum rules obeyed by the leaf degree distribution:

ZMgzN, ZEMele. 8)

>0 1

The first equation states that the number of nodes with any
leaf degree must equal the total number of nodes; the second
equation expresses the total number of leaves through the leaf
degree distribution.

The variables M;, Ny, N, and C remain asymptotically
non-self-averaging, namely, relative fluctuations between dif-
ferent network realizations do not vanish in the N — oo limit.
On the other hand, we find that ratios of the above basic
random quantities are asymptotically self-averaging. We an-
alyzed some representative such quantities, particularly A//C,
M, /C with small £ > 0, and N, /C with small k > 1. Figure 4
illustrates the asymptotic self-averaging of the ratio of nucleus
size N to core size C for both the DAN and PAN models.
The high correlation of M, with C results in ratios which are

asymptotically deterministic:

%/—>610, %%Cﬂ- )
This notion of asymptotic self-averaging is the basis of the
following analysis. We also observe convergence of the degree
distribution within the core of the form N, /C — ¢ fork > 1,
but our analysis pertains to the leaf degree distribution.

In the DAN and PAN models, and more generally, the
VAN(w) model class, we will see that the limiting ratios
{ge}e=0 satisfy closed and solvable recurrences. In contrast,
for the IR model, the fractions g, do not satisfy a closed
recurrence. Moreover, the fractions ¢, = N;/C do not satisfy
closed recurrences for any of these models. This simplifica-
tion in the DAN and PAN models highlights the importance
of focusing on the leaf degree as a fundamental dynamical
variable. We note that closed two-index recurrences for the
joint distribution of degree and leaf degree [25] (within the
core) are obtainable for the DAN, PAN, and VAN(w) model,
but appear not to be for IR.

A. DAN model

For the DAN model, the quantities (N, N') evolve accord-
ing to

dN, N+ N

dN AN My - N
dN = N '

NN 10

For ease of notation in (10) and all similar formulas, we denote
j—f] ;= F(N + 1) — F(N). That is, the derivative notation sig-
nifies the change in a quantity F = F (N ) when one new node
is added to the network. The equation for dN,/dN expresses
that the number of leaves increases by 1 whenever a leaf or
nucleus node is initially selected. In the former case, the new
node attaches to a rank-1 node; in the latter, direct attachment
to the nucleus node occurs. In both cases, the number of
leaves increases by 1. The equation for dA//dN expresses that
whenever a new node directly attaches to a nucleus node, the
latter becomes a rank-1 node and is removed from the nucleus.
When a new node first selects a rank-1 node with a single
leaf, redirection to the leaf occurs. In this case, the number of
nucleus nodes increases by 1.

The number of nodes with leaf degree equal to 1, M, grows
with N according to

dM; N — Ny —2M, + M,
dN N '

Y

Four distinct processes contribute to dM;/dN, as illustrated
in Fig. 5. (a) A rank-1 node with leaf degree > 3 is selected
and redirection to a leaf occurs; here, M increases by 1. (b)
A rank-1 node with leaf degree 2 is selected and redirection
to the leaf occurs; here, M| increases by 2. (c) A leaf that is
attached to a rank-1 node is selected, and redirection to the
rank-1 node occurs; here, M| decreases by 1. (d) A nucleus
node is selected, and attachment to this node occurs; M,
increases by 1. Assembling these processes, using the sum
rule Zz M, = N, as well as My = N + Ny, then gives the
right-hand side of Eq. (11).
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(©) (d)

FIG. 5. The four processes that contribute to the change in M;.
The new node, necessarily a leaf, is indicated by the open green
circle. The dashed green line indicates the initially selected node, and
the solid green line indicates the attachment event. The blue node is
rank-1, and the red node is protected (other neighbors not displayed).
In (a) and (b), the new attachment turns a leaf into a rank-1 node.

Finally, the leaf degree distribution M, with £ > 2 satisfy
the infinite system of equations

dM, (L =DMy + M — L+ DM,
dN N '

The three processes that contribute to dM, /dN are the follow-
ing: (a) Select one of the £ — 1 leaves neighboring a rank-1
node with leaf degree £ — 1 and attach to that rank-1 node;
in this case, M, — M, + 1. (b) Select a rank-1 node of leaf
degree £ 4 1 and attach to one of the leaves of this node;
again, My — M, + 1. (c) Either select one of the ¢ leaves
whose rank-1 neighbor has leaf degree ¢ and attach to the
rank-1 node, or select a rank-1 node of leaf degree £ and attach
to one of its leaves; the result is M, — M, — 1.

A linear ansatz of the form M, >~ m,N results in the trivial
condition my = 0 for all £ > 0, and my = 1, indicative of
leaf proliferation. Instead, a sublinear growth ansatz is taken;
Fig. 6 confirms the sublinear growth of the average size of
the core, (C) ~ N*, with numerically estimated exponent
close to the values we analytically derive in what follows.
Introducing the sublinear scaling ansatz and limiting fractions
q¢ of (9) into (12), the system reduces to recurrence

(12)

puge =€ —Dge—1 +qep1 — L+ Dge, €22, (13)
while Egs. (10) and (11) become
qo=1-u, q=1-u%
nqr =1-=2q1+ q. (14)

Substituting (14) into (13), one can express g, as polynomials
in u of degree ¢+ 1. For example, the first few of these
polynomials are

@=1+pn—2u> -,
g3 =2+ 4 — 4 =507 — b,
gs =6+ 160 —8u? — 221> — 9t — 1,

etc. In general, solutions to (13) grow factorially with £.
Indeed, Eq. (13) becomes gy = (£ + 1 + 1)g¢ to leading

102 102 10* 10° 106

FIG. 6. The average number of core nodes (C) as a function of
the number of network nodes from N = 10 to N = 10° for the DAN
(A) and PAN (M) models, as well as for the IR model (o). Each point
represents the mean of C over 2400 independent realizations. A non-
linear least-squares fit provides accurate estimates for the exponents:
n ~ 0.569 for the IR model, and pu ~ 0.773 and 0.545 for DAN
and PAN, respectively, aligning approximately with the analytically
computed values.

order. This fact suggests that we seek a solution of the form
qe = Q¢I'(£ 4+ u + 1). Substituting this ansatz into Eq. (13),
we find a simple recurrence for Q, that has an asymptotic so-
lution Q;, >~ C(w)/(€ + ). Hence the growth of ¢, is indeed
factorial: gy >~ C(u)I'(£ + ). For specific values of u, the
amplitude C () vanishes, and a second linearly independent
solution of the linear three-term recurrence (13) determines
the asymptotic. The asymptotic of this minimal at infinity
solution turns out to be algebraic, so it can be extracted using
a continuum framework where (13) simplifies to %(qu) =
—uqy, leading to g, ~ £~'7* for £ > 1. Figure 7 shows
the tail behavior of g,, corroborating the predicted algebraic
decay.

Fortunately, the explicit solutions to the generic three-term
recurrences of the form gy + agqe + bege—1 = O that are
minimal at infinity are known [31]. These solutions exhibit a
remarkable representation in terms of the continued fractions
[31]. In particular, for the generic three-term recurrence, the
ratio g»/q is

2 _ —Lb. (15)
q1 ar — B 3174

E Ry

Recalling that ¢y =1 — pu? and ¢ = 14+ — 2% — % in
the DAN model, we find that the ratio g, /q; is

q2
—=24+u—- .
q 1 —pu?

Equating this result to (15), which we specialize to a, =
—( + 14 w)and by = € — 1 as per the three-term recurrence
(13), we obtain

L= =F(), (16)
where we introduce the shorthand notation
b =24+pu-— ! . 17)
F(u) 3+u— ﬁ

EEmy—
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FIG. 7. Leaf degree distributions of the DAN model (upper
panel) and PAN model (lower panel). The colored dots are the raw
data (values of M,/C) for three graphs of size N = 10%; the dotted
curve represents log-binned data from 4800 graphs of size N = 105;
the black dashed lines indicate pure power-law decay with slopes
predicted by our theory: 1 + ppan & 1.771 and 1 + upan ~ 1.549,
respectively.

With the help of the handbook [32], we can express the
continued fraction in terms of an integral representation. We
set a =1+ p and z = —1 in identity (12.6.30) of [32], and
then use the integral representation of the incomplete gamma
function y(a, z) = y(1 4+ u, —1) in the identity (12.6.30) to
give

1
F(;U:/ dxxte !
0

Combining this with (16), we obtain the transcendental equa-
tion for u

1
1—u? =f dxxt e (18)
0

The numerically exact value of the exponent u to six decimal
places is u ~ 0.771 192.

B. PAN model

For the PAN model, the quantities M, with £ > 2 satisfy
equations similar to Eqgs. (12), except that the denominator
N should now be replaced by N — A. The quantity N is
subleading in the N — oo limit, so Eqgs. (13) remain valid.
The primary differences with the DAN model are Eqgs. (10)

and (11) for N;, N, and M,. First, we note that in each
node addition, the target node is selected uniformly at random
among all N — A non-nucleus nodes. By enumerating all the
ways that N; and N can change when a new node joins the
network, we arrive at the rate equations

dN; N dN M, 19
dN  N-N' dN N-N' (1%
In the equation for d N, /d N, the number of leaves increases by
1 whenever the new node first selects a leaf and then attaches
to its rank-1 neighbor. In the equation for dN'/dN, the size of
the nucleus increases by 1 whenever the new node selects a
rank-1 node of leaf degree 1 and then attaches to its leaf.

We determine the rate equation for M| by the same detailed
bookkeeping of the processes that contributed to the change in
M in the DAN model (Sec. III A). We thereby obtain

dM; N —N —N; —2M; + M,
dN N-—-N ’

This is nearly the same as Eq. (11) for M, in the DAN model,
except there is now an extra loss term —A . This term reflects
the fact that attachment to a nucleus node is not allowed
[the event in Fig. 5(d) is forbidden]. The corresponding equa-
tion for M, with £ > 2 is

(20)

dM, (& =DM,y + M — (E+ 1M,
dN N—-N '

2L

One may again demonstrate directly that a linear scal-
ing ansatz yields the trivial outcome M;/N — 0 for £ > 1,
indicating sublinear growth, alongside N;/N — 1 indicating
leaf proliferation; we proceed again with the ansatz N; =
N — O(N*) and M, ~ N*g,. From Egs. (19) and (20), the
analogs of Eqs. (14) are

qgo=1-—p,
g1 = — 1,
nqr =1—gqo—2q1 + qo. (22)

Therefore, q» = ;1 — u?> — w3, and now using (22), the ratio
92/q1 is

1
I S
q1 I—u

Following the same steps as those used for the DAN model,
we obtain the transcendental equation for p,

1
l—pu=F(u) = / dxxte* !, (23)
0

The numerically exact value of the exponent u, up to six
decimal places, is u =~ 0.549 735.

C. VAN(w) model

For the VAN(w) model, the growth of the number of leaves,
the nucleus, and the number of nodes of each leaf degree value
£ > 0 are accounted for by the rate equations,
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FIG. 8. The scaling exponent p(w) of the VAN(w) model. It
monotonically increases from ©(0) = ppan = 0.549 to p(o0) =1
with asymptotic behavior (27).

dN, Ny 4+ oN

dN ~ N+ (w— DN’

dN M, — oN

dN ~ N+ (@- DN’

dM, N+ (o— DN — N, —2M, + M,

dN N+ (w— DN ’
dMy, (€ — DMe_y + My — (€ + DM,

= . (24
dN N+ (0 — DN

The same approach as in the DAN and PAN models yields the
same universal result go = 1 — p for the fraction of nucleus
nodes in the core, while the ratios g;/qo and g»/q; are given
by

_otd-op
A—mw(n+w)

Finally, the exponent p is determined from the root of the
transcendental equation

_ 1
M — / dxxte 1 (26)
o+ (- 0

Do, Loy
490 q1

(25)

The exponent u = pu(w) is a monotonic function of w
that increases from ©(0) = pupan =~ 0.549 to u(o0) = 1. The
asymptotic behavior of the exponent in the ® — oo limit,

I — (o) = 27)

(e — Do’
follows from (26); Fig. 8 displays u(w).

D. VAN(o0o0) model

The limiting model VAN(oo) exhibits interesting marginal
behavior. In this model, any protected node arising is imme-
diately attached in the following growth step. The exponent
u(oo) =1 leads to a quadratically decaying leaf degree tail,
g¢ ~ £72. The core grows only logarithmically slower than N:

N

C~——, 28
InN (28)

illustrating that VAN(oo) resides at the boundary between
anomalous and nonanomalous scaling.

The governing recurrence for £ > 2 arises by taking u = 1
in (13),

0=(—1Dge—1 —(€+2)qe + geq1. (29)
We derive an exact integral expression for g,, namely,
1
ge = / dre'™'(1 — )1, (30)
e—1Jo

Details of the VAN(oo) are provided in Appendix B.

IV. DISCUSSION

We introduced a class of network growth models based
on redirection in which redirection from nonleaves to other
nonleaves is forbidden. The resulting networks exhibit leaf
proliferation and anomalously broad degree and leaf de-
gree distributions—bearing qualitative similarity to isotropic
redirection (IR)—yet these models proved more tractable an-
alytically than IR. The IR growth rule is exceedingly simple:
pick a node uniformly at random and attach to a random
neighbor of this selected node. Despite this simplicity, the
IR network has resisted analytical understanding because the
growth rule is nonlocal in character. The models we intro-
duced retain the spirit and phenomenology of the IR network,
but the growth rule remains local in character so that the
resulting network is analytically tractable. In particular, this
locality arises due to redirection from nonleaf nodes always
being to leaves; for nucleus nodes, no such redirection is
possible, so we considered the case of direct attachment to
the nucleus (DAN) and prohibited attachment to the nucleus
(PAN). We also introduced a class of models, VAN(w), by as-
signing a weight o to nucleus attachment, which includes the
DAN and PAN models as special cases, and has an interesting
limiting case VAN(00).

Our main results include (a) analytical predictions of the
exponent u < 1 that controls the growth rate of the core:
C ~ N*, (b) the ultrabroad leaf degree distribution: M, ~
N#g=(+1 and (c) the tail behavior of the rescaled core-size
distribution P(z) where z = C/(C). We especially emphasize
result (d) that the ratios M,/C, Ni/C, and N/C are self-
averaging, despite the numerators and denominators being
individually non-self-averaging. More generally, our work has
provided models and a tractable analytical framework for
exploring anomalous scaling and leaf proliferation in growing
random trees.

The networks arising in our models qualitatively resemble
a variety of real-world networks, not limited to trees. Spar-
sity and degree heterogeneity, for instance, are commonplace
characteristics of network data [5,11], but moreover, sev-
eral studies have reported degree distributions with estimated
power-law exponents below two [14,33]. Such exponents
also appear in modeling studies beyond isotropic redirection
[34-36], but are primarily associated with diverging average
degree [37] rather than leaf proliferation. Phenomena similar
to leaf proliferation have been shown to occur in other growth
models beyond trees [38].

A class of related growth models is based on duplication
mechanisms [39-42]. For instance, in the partial duplication
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model (PDM) [43], a random target node is selected, and
each neighbor of that target is connected to with probability g.
Duplication has been used to model the evolution of protein
interaction networks, with duplicate proteins having similar
functional roles [44]. The PDM is more tractable than IR in
that the attachment probability is degree-proportionate as op-
posed to being dependent on all neighbor degrees as in Eq. (2).
We note that in the very rare event that the PDM produces
a tree, requiring at every growth step that exactly one link
forms, the resulting tree is statistically identical to a sample
from the IR model. A variety of other duplication and copying
mechanisms have also been considered, e.g., attachment to
the target node itself in addition to its neighbors [16,45,46],
or statistical mimicry of links in an underlying hidden
network [47].

We have not explicitly computed ¢, the degree distribution
within the core, which does not satisfy a closed recurrence
akin to that for g,. However, by leaf proliferation, the degree
distribution is also a power law with an identical exponent,
i.e., c; ~ k~17*. Despite ¢, not satisfying a closed recurrence
in VAN(w), the joint distribution of degree and leaf degree
within the core ¢, ¢ does, providing a path to compute c. Sim-
ilarly, the joint distribution of degree and leaf degree was used
to obtain the leaf degree distribution in the PA tree [25], where
it does not satisfy a closed recurrence. Numerous additional
questions are of interest in these models—for instance, a more
detailed characterization of the nucleus, such as its distribu-
tion of degrees ¢y o or the number of components it has, which
can exceed one due to formation of protected nodes located
away from the existing nucleus, or by fragmentation in the
event of direct attachment to the nucleus. In addition, it would
be of interest to obtain concentration and normality results,
akin to those previously established for RRTs and PA [48,49],
but in the context of the unusual form of self-averaging arising
in these models.
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APPENDIX A: STAR AND LINE GRAPHS
AND THE SCALED CORE-SIZE DISTRIBUTION P(z)

We confirmed that the probability distribution of the core

size approaches the scaling form

Py(C) = (C)""P(C/(C)). (A1)
The scaled distribution P(C/(C)) is asymptotically stationary
and broad, namely, it does not approach a delta function
that would indicate asymptotic self-averaging; see Fig. 9. To
obtain the small-z behavior (7a) and large-z behavior (7b) of
‘P(z), we analyze the extremal probabilities of star graphs and
line graphs.

A star graph contains a single hub while all other nodes
are leaves. For the RRT, the natural initial condition is N =
3, which is necessarily a star. Thus, S3 = 1. The probability
Sn+1 of creating a star of N 4 1 nodes from a star of N nodes

FIG. 9. Probability density of rescaled core size P(z) with z =
C/{C), for graphs of size N = 10* from the DAN model (upper
panel) and PAN model (lower panel), with data displayed from
2.4 x 10° independent realizations. Blue and pink dashed curves
represent the asymptotics (7) with roughly estimated parameters.

satisfies Sy+1 = Sy /N, from which

2
T -
Similarly, for PA networks, the probability of creating a star

of N 4 1 nodes from a star of N nodes satisfies Sy+; = Sy/2,
which yields

Sy (A2)

1
= IN=3"°

On the other hand, for the DAN, PAN, and VAN(w) mod-
els with arbitrary w > 0, as well as for the IR network, the
probability of generating a star graph satisfies the recurrence
Sn+1 = %A Sy, from which

Sy (A3)

S — 2
MTEN-T
We now use this simple result to determine the small-z tail
of the core-size distribution. Specializing (4) to C =1 gives
Py(1) = (C)~'"P((C)~"), which we equate to Sy = Py(1)
given by (A4). Using (C) = AN* gives

P(z) = 241 7141w

(A4)

(AS)

thus establishing (7a).
In contrast to the classic models of growing trees, the
probability of creating a star in the DAN, PAN, and IR
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FIG. 10. The two-hub (3,5) graph.

networks decays very slowly with N. This observation pro-
vides a clue that typical network realizations grown by these
rules should have non-negligible portions that are star-like, as
seen in Fig. 3.

It is worth pointing out that the small-z tail of P(z) depends
on the initial condition. To see how this dependence arises,
consider the growth of a network starting with the linear graph
L4 with 4 nodes and core size C = 2 instead of the linear graph
L3, which was our canonical initial condition. Since the size
of the core can only increase, the minimal core size remains
equal to 2 as the network grows. A graph with core size 2
is necessarily a two-hub tree (Fig. 10). We denote by H,, ,
the probability of generating a two-hub (m, n) graph, that is, a
tree with m leaves attached to one hub, n leaves attached to the
other hub, and a single link between the hubs. For the DAN,
PAN, and VAN(w) models, the recurrence that determines the
evolution of these probabilities when a new node attaches to
the network is

H o — m—1 n—1 I (A6)
mmn — N — 1 m—1,n N — 1 m,n—1-
Solving the first few of (A6) subject to the initial condition
H; | = 1 corresponding to the linear graph L, gives
Hyy=H, =1,
Hyy=Hyp =Hy3 =,
Hyy =H3p =Hy3=H 4= 2—10 (A7)

These probabilities clearly depend only on the total number of
nodes: H,, , = Hy for all N = m 4+ n + 2. This observation is
readily proved by induction. The recurrence (A6) then simpli-
fies to Hy = %—j Hy 1, which we solve subject to the initial
condition Hy = 1 to give

_ 6
 (N=3)N-2)(N-—1)

. 6

T m4n—Dm+nm+n+1)
for N > 4. The probability to build a two-hub tree of size N is
then

Hy

(A8)

6
Py(2) = Z Hyn = N (A9)

m+n+2=N
Specializing the core-size distribution in (4) to C = 2, the
minimal size of the core when the network starts with the
graph Ly is Py(2) = (C)~'P(2/(C)). We now equate this to
Py(2) in (A9) to give

A 2/
P(2) ~ 12<5> faares (A10)

The essential point is that P(z) vanishes as z7!*2/* when
network growth starts with the graph L4, rather than P(z) ~
7711/ when growth begins with L;—the small-z tail of P(z)
depends on the initial condition.

As a complement to the above presentation, we now focus
on the large-z tail of P(z). We probe this limiting behavior
by computing the probability Oy to create networks with
the minimal number of leaves—namely, the linear graph of
length N, Ly. We consider only the canonical initial condition
where the network is L3 so that Q3 = 1. By straightforward
enumeration, we obtain Q4 = % and Qs = é for all of our
redirection models.

For the PAN model, the probabilities Qy satisfy recurrence

Oy = 1Qn_1, from which

2—(N—4)

Ov=—3

(Al1)

We now substitute Qy = Py(N —2) =~ (C)"'"P(N/(C)) and
(C) = AN* in the above equation and eliminate N in favor
of z. This gives the large-z asymptotic

InP(z) ~ —In2 (Az)"/=1), (A12)
up to the unknown amplitude A in C >~ AN*, as first quoted in
Eq. (7b).

For the VAN(w) model with w > 0, the recurrence satisfied
by the probability Oy to build the line graph Ly is Qy+1 =
mQN, from which
0 1 <2>N5 ra+2)
YTo\lo) TW-4+1y

for N > 5. From this expression, we again obtain the same
large-z asymptotic behavior for P(z) as for DAN, namely,
1

(A13)

InP(z) ~ —z™* Inz, for any w > 0.

APPENDIX B: VAN(c0) MODEL

The VAN(oco) model has unusual dynamics, residing at the
boundary between linear and sublinear scaling. Since nodes in
the nucleus have an infinite weight, whenever a nucleus node
is created, it is immediately converted to a rank-1 node in the
next attachment event. Thus, the nucleus is either empty or
consists of a single node. The limiting exponent for VAN(co)
is u(oo) = 1 with asymptotic approach (27) as @ — oo, from
which we anticipate tail behavior g, ~ £~2. Equivalently, the
leaf degree distribution is expected to scale as M, ~ C/£>. We
now recall the identity

N—-1
ZEMZ =Nj. (B1)
=1

The sum on the left-hand side of Eq. (B1) is dominated by the
tail, so that

N—1 N—1
D M ~CY €' ~ChnN. (B2)
=1 =1
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Substituting this result, together with Ny =N —C, into
Eq. (B1), we obtain
N
C~—.
InN

Thus, the size of the core that is generated by VAN(co) grows
only logarithmically slower than N. Proceeding in the same
heuristic manner, we deduce g, for all £ > 2. Specializing (13)
to u =1 gives

(€ +2)qe = —=1)ge—1 + qeq1- (B4)

The minimal at infinity solution to this recurrence can be
expressed via the generalized hypergeometric function

g =ALF[1,6—1;04+ 1,04 1;1]. (B3)

(B3)

Higher-order hypergeometric functions can be expressed
through integrals over the lower-order ones. Specifically, we
use the identity
tc—l(l _ t)d—c—lr(d)

I'e)I'd —c¢)

1
F[a,c;b,d;l]:/ dt Fla; b;t],
0

and recast Eq. (BS5) into
e—1 ! P
qe ZAT/ dtt (1—=0)F[1;€+ 1;¢], (B6)
0

where F[1;£ + 1;¢] is the confluent hypergeometric function.
Computing the integral, we obtain

ge=q[l —e(t =1y, D], (B7)

where y (£, 1) = fol duu~'e™ is the incomplete gamma
function. The amplitude ¢; is computed by normalization:

1 [e9]
e Dyl Di=ey(l h=e—1.
1

=1
(B3)
The solution (B7) has integral representation
1
g0 = / dre' ™ (1= (B9)
e—1 0

Change of variablet — (1 — ¢)£ in (B9) yields the asymptotic
ge ~ q1£72. Exact expressions for g, for any £ > 1 can be
extracted; for instance,

3—e¢ 11 —4e 49 — 18e
q2 = » 43 = y 4=,
e—1 e—1 e—1
suggesting the general form
A[ —Bge
Gg=—— (B10a)
e—1

with integer A, and By for all £ > 2. The general expressions
for A, and B, are

{—1
Ae=Z(j+1)!(Z;1), By=0'—(—1). (BIOb)
j=0

The exact representation (B10) is compact, but, in con-
trast to (B7) or (B9), not useful for extracting the asymptotic
behavior. The scaled core-size distribution and leaf degree
distribution for VAN(co) are displayed in Fig. 11.

100 .

1073 .

de

1076 .

1079 -

10° 10! 102 10° 10* 10°

14

FIG. 11. Scaled core size distribution P(z) and leaf degree dis-
tribution g, ~ €72 in the VAN(co) model. Data for the core size
distribution are from 2.4 x 10° realizations at size N = 10*, and
for the leaf degree distribution are from 4800 realizations at size
N = 10°, with ratios M,/C for three graphs shown as green dots;
the dashed line represents pure power-law decay of the form £72.

APPENDIX C: TWO-POPULATION MODEL

We have presented a self-contained theory for the phe-
nomena of leaf proliferation, the ultrabroad leaf degree
distribution, and the vanishingly small relative size of the core,
in the family of random growing trees VAN(w), emphasizing
w=0, w=1, and w = oco. To provide further intuition for
these unusual properties, we analyze a toy model that sheds
light on how leaf proliferation and a vanishingly small relative
size of the core can arise. Our discussion here serves as a
natural counterpoint to that given in Appendix A about the
relative abundance of star graphs and reinforces the message
that redirection models naturally lead to leaf proliferation and
a vanishingly small core.

In our toy model, we partition the network into two pop-
ulations, leaf nodes and core nodes, and disregard all other
details, such as the degree of the core nodes. The number of
leaf nodes and core nodes are N; and C, respectively, with
N, + C = N. Because these two populations are not indepen-
dent, it suffices to consider only the dynamics of the core
nodes. When a new node is added to the network, only two
outcomes can occur:

(1) A core node is added with probability uC(N)/N.

(2) Otherwise, a leaf node is added.
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These two steps are meant to mimic the isotropic redirec-
tion growth rule in which a core node is initially selected with
probability C/N, and then in a fraction p of these selections
attachment to a leaf occurs, which increases C by 1. In terms
of the unknown parameter ., the number C(N) of core nodes
changes according to the stochastic equation

)
C(N)+1 prob. ==

CW+D = {C(N) prob. 1 — %, €D

for N > 3. Starting with this exact equation, we now compute
moments of C and determine the probability distribution of C.

1. The average and the variance

The number C(N) of core nodes is a random quantity for
all N > 4. Averaging (C1) gives

(C(N + 1)) = [1 n %](C(N)). (€2)

Iterating this recurrence and using the initial condition C(3) =
1, we obtain

(N + ) 2
CIN)=A = . C3
(CN)) ) G+ (C3)
From the asymptotics of the gamma function, we have
1— A
Ccvy = ANt — P g (C4)

This two-population toy model thus predicts sublinear growth
of C(N) on N, but also gives a simple mechanism, embodied
by the process in Eq. (C1), for this anomalously slow growth.

In the same way as for the average, the recurrence for the
second moment is

2 — 21 o2 rav+w
(CA(N + 1)) = [1+ N]<c (N)) 4 A T D)
from which
pon 4 T(N+2u) TN +p)
(W = rd+2w) T'®) T'(N) (©)

The variance o2(N) = (C>(N)) — (C(N))> thus has the
asymptotic behavior

o%(N) = [ —AZ}N% —ANF 4 ... (C6)

rce+2uw)
The crucial implication is that the standard deviation is of the
same order as the average. Thus, different realizations of the
growth process lead to differences in C(V) that are of the order
of C(N) itself. That is, there is no asymptotic self-averaging in
the number of core nodes, as we have observed in numerical
simulations of networks grown by the DAN and PAN rules.

2. The probability distribution Py (C)

The leading asymptotic behaviors of the average and vari-
ance, Egs. (C4) and (C6), imply that the random variable C(N)
remains broadly distributed as N — oo. We therefore expect
that the probability distribution Py(C) := Prob[C(N) = C]
will converge to the scaling form

Pyv(C) ~N"P(), z=C/N", (C7)

in the limit C, N — oo, with z = C/N* finite. The lack of
asymptotic self-averaging implies that the scaled distribution
‘P(z) approaches a fixed finite-width shape.

Following the same reasoning as that used for the first two
moments of C, the probability distribution satisfies

C
Pysi(C) = [1 - %]PN(C)

n(C—1)

——— Py(C—1). C8
+—= v ( ) (C8)
Let us first derive the asymptotic behaviors of P(z):
PO) = ———, (C9a)
G —mw
InP(z) ~ ="/ (z - 00). (C9b)

To prove (C9a), we determine Py(1), i.e., the probability of
generating the star graph. Using (C1), we obtain

N—-1
2 2 T'(N—p)
ro=Tl -t remo

k=3

(C10)

For N — oo, Py(1) ~~ ﬁN’“, which is consistent with
(C7) if P(0) is given by (C9a).

Let us now determine the probability to generate the oppo-
site extreme of a line graph, namely, Py(N — 2). Again using
(C1), we obtain

N—-1

k-2 2uN
PN(N—Z)_IQ PR bt (C11)

Therefore, In Py(N — 2) ~ In P(N'™#) ~ N In w. This lead-
ing behavior is consistent with (C9b), and suggests that
InP(z) >~ /0= Iny as z — oo.

For the extreme case of the maximum possible value p© =
1, rather special behavior arises. In this case, the extreme
events of C = 1 and C = N — 2 occur with probabilities

Pu(l) = 2 2
VYT N (N—1)(N-2)"
A natural guess for Py(C) that interpolates between these
two extreme values is

ey~ 2 [1_c-!
w( _N—1|: _N—2:|'

One can verify that Eq. (C12) is indeed the solution by sub-
stituting this form into (C8) with u = 1. Solvability of the
stochastic process (C1) with u =1 is not surprising, as it
reduces to the Pélya urn process [50].

The exact probability distribution (C12) can be rewritten
in the scaling form (C7) with u = 1, thereby justifying the
emergence of scaling. The scaled distribution reads

P() = {(2)(1 -

and Py(N —2)=

(C12)

0<z<l1

2> 1 (C13)

The scaled distribution depends on the initial condition.
For our general models, we quantitatively exemplified this
phenomenon by computing the behavior of P(z) inthe z — 0
limit for the default initial condition L; and the initial condi-
tion Ly4. (The linear graph L, emerges from L3 with probability
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% for the VAN(w) models independently of w.) The scaled

distribution vanishes as zllt_l for the initial condition L3 and
as z%“ for the initial condition L4; cf. (7a) and (A10). For
the two-population model with p = 1, the initial condition Ly4
corresponds to C = 2 when N = 4, and the scaled form of the
solution of the Pdlya urn process with this initial condition
reads

Ple) = {gz(l )

0<z<l
2> 1 . (C14)

We finally derive the exact solution in the 0 < u < 1
range. We already know Py(1), Eq. (C10). Specializing (C8)
to C = 2 and using (C10), we obtain an inhomogeneous re-
currence

[, 2uT(N — )
Pyi1(2) = [1 - :|PN(2)+ VT MG — ) (C15)
which is solved (subject to P3(2) = 0) to yield
Py2) = — [F(N —w) T 2“)] (C16)
FMLTB—pn) TGB-2u

Specializing (C8) to C = 3 and using (C16), we obtain an
inhomogeneous recurrence

Pen3) = |1- b
N+l()—[ _W] n(3)

n 4 [F(N— M F(N—2u)}
IN+D|T@—u) T'G-2w]
(C17)

which is solved (subject to P4(3) = 0) to yield

Py(3) =
WG CN)LTGB—n) FG—-2u) TGB-3uw)
The exact results for Py(C) with C =1, 2, 3 suggest the
general solution

c

Py (C) = %Z(—l)k“(c 1)—F(N ),

(N) = k—1/) T3 —kuw)

applicable to C > 1 and all N > C + 2. The solution (C18)
can be verified by direct substitution into (C8).

Unfortunately, it is difficult to extract useful information
from the exact solution (C18). Since (C) ~ N*, the core is
large, extracting the scaled distribution from (C18) requires
simplifying the sum of a very large number of terms. As
another example, we mention that extracting Py (N — 2) from

(C18) requires summing N — 2 terms, while directly from the
recurrence (C8) we deduced (C11).

2 [F(N—M)_ T(N —2u) I‘(N—3u)}

(C18)
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